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We study the ensemble-averaged conductance as a function of applied magnetic field for
ballistic electron transport across few-channel microstructures constructed in the shape of
classically chaotic billiards. We analyse the results of recent experiments, which show suppres-
sion of weak localization due to magnetic field, in the framework of random-matrix theory.
By analysing a random-matrix Hamiltonian for the billiard-lead system with the aid of
Landauer's formula and Efetov’s supersymmetry technique, we derive a universal expression
for the weak-localization contribution to the mean conductance that depends only on the
number of channels and the magnetic flux. We consequently gain a theoretical understanding
of the continuous crossover from orthogonal symmetry to unitary arising from the violation
of time-reversal invariance for generic chaotic systems. 1995 Academic Press. Inc.

1. INTRODUCTION

Random-matrix theory has proven to be a very successful tool for the under-
standing of localization phenomena in disordered diffusive systems, for example,
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universal conductance flutuations [1, 2], Altshuler—Aronov-Spivak oscillations
[3. 4]. and persistent currents [5]. In a number of recent experiments, weak-
localization effects have been observed in ballistic cavities [ 6-8] in which electron
scattering from the boundaries 1s classically chaotic. It is interesting to also
investigate the application of random-matrix theory to such problems as one can
expect it to be able to address questions not accessible to other methods, such as
semiclassical analysis.

In this work, we look at ballistic electron transport through a microstructure that
has the shape of a classically chaotic billiard, in the presence of an applied magnetic
field B. The typical setup for a stadium 1s shown in Fig. 1. The stadium, whose
length L is less than the mean free path / and the phase-coherence length L . has
attached to it two asymmetrically positioned ideal quasi-one-dimensional leads
which carry the incoming and outgoing electron transverse modes. We assume an
equal number, M2, of incoming channels (labelled by index «) and outgoing
channels (labelled by index b). Thus M counts the total number of open channels
coupled to the stadium.

We use this physical system to study the breaking of time-reversal symmetry, as
measured by the conductance G(B) = (e’/h) g(B), as the magnetic field B is turned
on. The relevant experimental observation [6-8] is that the average dimensionless
conductance ¢ dips at zero magnetic field B=0. The g versus B curve is illustrated
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F1G. 1. Representation of a typical lead-stadium configuration. The size of the stadium L is small
compared with the elastic mean free path /. ensuring that the electron motion is ballistic. A total of M
external channels couple to the stadium through the two leads.
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Fig. 2. Schematic depiction of the zero-field dip in the average magnetoconductance associated with
weak localization. The curve interpolates between values associated with pure GOE and GUE for low
and high magnetic fields B, respectively.

schematically in Fig. 2. The conductance interpolates between a minimum value,
which can be associated with the Gaussian orthogonal ensemble (GOE), at
B =0 and an asymptotic upper value, which can be associated with the Gaussian
unitary ensemble (GUE), for large B. The difference dg between the upper GUE
limit and the mean dimensionless conductance g represents the weak-localization
contribution to g The suppression of weak localization due to non-zero mag-
netic field. ie., the fact that dg -0 as B— x, corresponds to a GOE — GUE
transition.

The appearance of the orthogonal and unitary random-matrix ensembles in this
discussion arises from the fact that the fluctuation properties of the quantum
spectra for closed chaotic billiards are the same as those of (i) the GOE for
B=0 and (ii) the GUE for B sufficiently different from zero. The former, being an
ensemble of Gaussion distributed real-symmetric matrices. respects time-reversal
invariance, while the latter. being an ensemble of Gaussian distributed Hermitian
matrices, does not.

The presence and magnitude of the weak-localization term in g(B) at =0 can
easily be understood in the framework of random-matrix theory (without detailed
calculation) as a consequence of (i) elastic enhancement (or equivalently. coherent
back-scattering), derived in Section 5.1, and (i1) unitarity of the S-matrix. Our
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starting point is the connection between the conductance g and the S-matrix given
by Landauer’s formula:
A2 M
g: Z Z {lS(lh':+|Sf){!|2}* (11)
a=1hb=M2+

where a factor of 2 for spin is effectively included in this expression. Here, the index
a sums over the M/2 incoming channels and » sums over the M/2 outgoing
channels, so that the summation in Eq. (1.1) runs over two non-overlapping sets of
channels {a} # {b!. If we assume all channels to be equivalent, so that all mean
values |S,|” are equal for a # b, then we obtain

MN/M s M? 5
=2 (5 )5 )= s (12)

Now, according to (i), we have

S F=x|S. P for c#c (13)
with
2 for GOE
“—{1 for GUE. (1.4)

As a consequence of (i), we have

M
Y 1SP=trl, =M. (1.5)

c, =1

Combination of the two equations (1.3) and (1.5) yields

= MK |S,, 7+ MM —=1)|S, (1.6)

for any a #b. Therefore, we see that

[Sub|2 =3

1 (M for GUE (x=1)
M~l+;\-_{ (1.7)

1/(M+1) for GOE (k=2).

We can now use Eq. (1.7) to look at the expansions of the corresponding values of
g in powers of M ~'. For the pure GUE (large magnetic field), we obtain

gGUE:M/z, (1.81
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while for the pure GOE (B =0), we see that

£GOE —m”—l")
| 1
:§0L1E_§+O<M>~ (1.9)

The contribution — 3 to the RHS of the equation above represents the weak-localiza-
tion term in the conductance and gives the magnitude of the gap between the upper
and lower asymptotic values in Fig. 2 in the limit of large channel number M. Weak
localization is absent for the GUE, evidently being suppressed by the magnetic field.

One should also observe that, for general values of M, the weak-localization term has
the value M/(2(M + 1)). It increases from %for M =2to }for M — o. Nonetheless, the
weak-localization correction decreases relative to g which is linear in M. All this agrees
with recent results obtained [ 9] for the circular unitary (CUE) and circular orthogonal
(COE) ensembles. The agreement is not surprising: It has been shown [ 10] that the
GOE and the COE distributions for the S-matrix elements coincide when the coupling
with the leads is maximized. Similar arguments apply to the unitary case.

We now consider the question: How does a finite magnitude field interpolate
between ggop (B=0) and gy (B sufficiently large)? Semiclassical analysis [12]
implies that dg(B) =g — £(B) is a Lorentzian. However, this work was only able
to include the diagonal contributions (i.e., taking into account only interference
between symmetry-related classical paths) and was not able to achieve quantitative
agreement with fully quantal numerical simulations. In view of this, one should ask
whether the full result remains Lorentzian.

Our aim in this investigation is to understand the generic features of the con-
tinuous GOE — GUE crossover as a function of magnetic field B for any classically
chaotic microstructure in the framework of random-matrix theory. From the semi-
classical perspective, our random-matrix approach may be viewed as taking into
account the generic properties described by the long classical trajectories, in which
system-specific information i1s washed out. Therefore, we shall need to restrict atten-
tion to billiard/lead configurations that are dominated by long classical trajectories.
Our results will not take account of effects associated with the specific geometry of
a billiard, which would be probed by short trajectories. Moreover, the density of
long trajectories is large—growing exponentially with the period-—and therefore
virtually impossible to account for in the framework of semiclassical theory.

On an energy (rather than a time) scale, such generic features are displayed on
intervals measured in units of the mean level spacing d. The suppression of weak
localization becomes effective whenever the matrix elements of the interaction of an
electron with the magic field become comparable with d. This is why we believe that
our approach should yield results which are relevant for the problem. There exists
a time scale—the mixing time 7., defined below— - which relates to the strength of
these matrix elements. The suppression of weak localization will be seen to depend
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actually on the competition between this time scale and a second time scale 7., the
mean life-time of the levels in the billiard. The associated width Iy, = /T4, grows
linearly with the number of channels. Our final result essentially depends on the
ratio of these two time scales.

The paper is set out as follows: In Section 2, we define the mode! and discuss the
values of its parameters. Section 3 deals with relating the parameter that controls the
GOE — GUE crossover to the strength of the external magnetic field. In Section 4,
we outline the supersymmetry formalism used to extract an exact result for the
ensemble-averaged conductance and explicitly construct the generating fucntion that
is central to this approach. We also summarize the steps leading to the final analytical
expression for g, which is then displayed and discussed in Section 5. Results of the
numberical evaluation of the magnetic field and channel number dependence of the
weak-localization term are presented in Section 6, along with a discussion of the
Lorentzian approximation. Section 7 contains some interpretation of our results, as
well as a comparison with experimental data. Finally, we present out conclusions in
Section 8. A few appendices contain various technical details.

2. THE MODEL

We first consider an electron moving in a closed billiard, whose Hamiltonian H
we model in terms of an ensemble of random matrices. We then take account of the
presence of external channels by introducing a coupling between H and the leads.
This allows us to define a scattering matrix which we relate to the conductance via
Landauer’s formula, viz. Eq. (1.1). We shall maximize the coupling between H and
the leads. Then, the (ensemble-averaged) conductance g(¢, M) depends only on the
strength of the magnetic field B (expressed in terms of a dimensionless parameter
1), and on the total number M of channels. Using ergodicity, we compare this
quantity with experiment. We neglect the Coulomb interaction between electrons as
well as all other dephasing effects.

For the Hamiltonian of the closed billiard, we consider an ensemble of random
matrices H,, of dimension N, given by [11]

Y
H,=H'S+iJU/N H . (2.1)

The ensemble H'® represents a GOE with zero mean and whose non-diagonal
elements have variance 2°/N, while H*’ denotes an ensemble of Gaussian dis-
tributed real antisymmetric matrices whose non-vanishing elements have zero
mean, the same variance A>/N, and are uncorrelated for u > v. Explicitly,

S ———
Hl.S)HlSlz_ b‘
N(

v 2wy

! (Sm" + 6;1"’ &xyz’ )-

o

HTHA-" (5

v 7a N o

O = 0,0 ).
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The parameter 4 fixes the mean level spacing & of the GOE and must, in principle,
be adjusted to the local mean level spacing at the Fermi energy of the billiard at
hand. In the end, we shall take the limit N — oo, in which case the average level
density of the ensemble (2.1) will take the form of Wigner’s semicircle. We shall also
normalize all energies such that the Fermi energy is zero, £, =0, in which case it
sits at the centre of the Wigner semicircle. The mean level spacing at the Fermi
energy is then given by d=ni/N.

To estimate the scale of the GOE — GUE crossover, we note that this transition
will take place when the typical matrix element of the time-reversal violating pertur-
bation becomes comparable with the mean GOE level spacing,

JUN- S22 N~ AN, (2.3)

which implies 7 ~ 1, i.e., for a value of 7 of order unity on the scale of N. This is why
we chose to include a factor N "2 in front of H'*' in Eq. (2.1).

The coefficient of iH'*' gives the strength of the time-reversal violating perturba-
tion and 1s expected to be proportional to the magnetic field. since the variation of
the levels of the stadium with magnetic field is linear in the flux ¢ = B4 through the
area A4 of the stadium. It is convenient to express \ﬂ =ke/p,, where ¢,=hjc is the
fundamental flux quantum, and k is then a number of order unity. An estimate of
k can be provided by computing the A;-statistic of a closed stadium for various
values of the applied magnetic field and by fitting the results using the matrix
ensemble H,, of Eq. {2.1). More details of this procedure will be given later.

Next, we must consider the coupling of the closed stadium with two ideal
external leads. The Hamiltonian operator for the total system (comprising stadium
and leads) is given by

N Mo
H= Y |u> H, (vl + Y | dulE )|E. ) ECE. ¢|

v =1 e=1"

+Y j du(E. oW |E, ¢> W (E)u| +hc}. (2.4)

u.c

The first term represents the stadium Hamiltonian as discussed above. The second
term describes the M free electron channels in both of the leads. Each channel ¢ is
defined by a propagating transverse mode with an energy £ below the Fermi
energy. Thus |E, ¢) 1s the plane wave mode of transverse energy ¢_and longitudinal
momentum Ak, such that the total energy of the state is E=¢, + h?k*/(2m*), with
m* being the effective mass of the electrons, and du(F, ¢) 1s the corresponding
energy measure:

I E
du(E, ¢)=/(m*8a°h?) OE —¢g,) — e, (2.5)

\/E—L‘(




8 PLUHAR ET AL.

where @(E) denotes the step function. The final term contains the lead-stadium
couplings. We have denoted by W, the matrix element which connects the basis
state |u> in the stadium’s internal region with channel ¢, where g =1, 2, .., N and
c=1,2,... M. We assume that the breaking of time-reversal symmetry by the
magnetic field B need only be taken into account in the Hamiltonian (2.1) of the
stadium and not in the matrix elements W, describing the passage of the electron
between one of the channels and the stadium interior. Accordingly, we set
W, =Wk

General quantum scattering theory allows us to write down the scattering matrix
S, for the problem at hand [13]. It has the form

S( d= (5('11 - ZITC Z Wl',u[ D I ]/I\’ W{ll‘ ° (26)
v
where the inverse propagator D, is given by
D, =ES, —H,+iny W, W,.. (2.7)

Here, the energy E is taken to be the Fermi energy E,.., and thus will ultimately be
set to zero. The scattering matrix defined in Eqgs. (2.6), (2.7) is manifestly unitary
but not symmetric (unless 1=0). In writing Eq. (2.7), we have assumed that the
energy dependence of the matrix elements W, is negligible over an energy interval
of the order of d, and we have therefore omitted a principal-value integral. It was
shown in Ref [14] that taking such an integral along complicates the calculation
but does not affect the GOE scattering result, except for a redefinition of the trans-
mission coefficients introduced below. Insertion of Eqgs. (2.6) and (2.7) into the
Landauer formula (1.1) furnishes us with a formal expression for the conductance
g in terms of the Hamiltonian, which must now undergo ensemble averaging. For
this purpose. it is useful to note the compact representation

SpSk=4Tr QD 'Q"(D 'T". (2.8)

where the trace “Tr” runs over the level index g and we have introduced the
quantities
Q =W, W,

“v ot v

(2.9)

It is worth pointing out at this stage that the parameters { W,,} will not appear
explicitly in our final expression for g, for the following reason: The random-matrix
ensemble (2.1) is invariant under unitary transformations. Therefore, only unitary
invariants constructed from the W s can appear in averages like g. The only such

192
invariants are the bilinear forms

vil: Nil Z W(',u W(

g

{2.10)

fa
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Because of the summations in Eq. (1.1), we may assume without loss of generality that
Uzzlz Ui(sal (21 | )
1s diagonal in the channel indices if ¢ and d are channels in the same lead. In
assuming that this relation holds in general, we disregard short classical trajectories
connecting the two leads. It turns out [ 14] that the ¢’s enter into the final expres-
sion for g only in the form of the dimensionless coefficients

41X,

T"—(/"_+X(_)3’ (2.12)
- where X, =nNv;. Likewise, the parameter A specifying the local level density
appears onlv in the combination 7,. Obviously, we have 0 < T <1 for all ¢. The
quantities 7', are interpreted as transmission coefficients which measure the strength
of the coupling between the cavity and the leads. The absence of barriers between
cavity and leads motivates us to put 7,=1 for all ¢, thereby maximizing the
coupling to the leads. Then, g depends only on B and on M. All dependence on /
and on the Fermi energy has disappeared, and we are left with a calculation that
contains no free parameters.

We emphasize that in our approach, all channels are strictly equivalent. There is
no distinction made between channels in lead one and those in lead two. Hence, the
sums in Eq. (1.1) are restricted only in the sense that they must be carried out over
different sets {a} # {b} of channels. Clearly, this equivalence assumption is justified
only for long delay times of the electron inside the billiard. The experiments [ 6-8 ]
are arranged in such a way that it is unlikely for electrons to pass directly from one
lead to the other, lending credence to this assumption.

A crucial constraint applies in our calculation of & We cannot use the usual
perturbative expansion in powers of 1/M as done in previous work [1]. First,
experiments typically have a small number of open channels, M =2,4, or 6. For
example, in the experiments of Refs. [6, 7], the stadium billiard i1s connected to
two almost one-dimensional contacts in each of which the number of channels M/2
depends on the gate voltage and varies between one and three. For M >> 1, the
semiclassical approximation is exptected to work. For small M, on the other hand,
we enter a different regime which is not accessible to perturbative methods. Physi-
cally speaking, the levels in the billiard are broadened by the coupling to the leads.
For small M. this broadening is of the order of the mean level spacing d. This is
the regime we mainly address in this paper, although our results are generic and
apply to all values of M. Second, and more importantly, we shall see that the
dependence of the mean conductance on ¢ enters in the combination /M. This
implies that the perturbative results will be good only as long as 1 << M, but this
will be shown to fall short of the crossover region. Consequently, we must resort
to a computation that is exact in the number of channels M. This we shall achieve
by using the method of the supersymmetric generating function [ 15, 14] to find an
expression for g(s, M) valid for all values of r and M.
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3. MAGNETIC-FIELD PARAMETER

In order to completely specify our model in terms of physical quantities, it
remains to discuss how one can relate ¢ to the strength of the magnetic field B.
A previous investigation of the GOE — GUE transition in terms of the same
magnetic-field parameter ¢ by Pandey and Mehta [16] offers the possibility of
relating r and B by direct inspection of the spectral fluctuations of the stadium for
different values of the external magnetic field. Also, in more recent work, Ozoério de
Almeida [ 17] derived semiclassically the dependence of ¢ on B for a chaotic system
in terms of purely classical correlators. Although these classical quantities are
difficult to compute with very good accuracy, an efficient average over the phase
space 1s sufticient to provide another independent quantitative estimate of ¢ in terms
of physical quantities. In this section, both approaches are discussed.

We shall start with the first method and consider the Schrodinger equation for
an electron moving in a billiard in the presence of an external magnetic field B.
Working in the gauge A(x, y)=(—By/2, Bx/2,0) and introducing rescaled coor-
dinates x' =y'"x, y' =5"?y with y=4n/o/, o/ being the area of the stadium, we
arrive at the Schrodinger equation in the form

q A () 2 of 2
[Vz—if(\-'iwi) "('/’) () + L vy =0, (3.0)

2‘/’0 . al" A —‘g :/IT) 4n h*

where ¢, = fi/e 1s the magnetic flux quantum. The boundary conditions are given by
Y(x', v )=0 for (x', 3"y edD, where 0D is the border of the stadium. This is the
eigenvalue equation that we solve numerically. We subsequently drop the primes on
the coordinates. Recalling the Weyl formula for the average level density p* for
Dirichlet boundary conditions in the absence of magnetic field,

o 2m P
av E — - —— 2 “,"/ 2 R 32
PUE) = TV I E + (2

where .# denotes the perimeter of the stadium, we see that, up to a correction of
order £ "', the rescaling leads to an energy spectrum of average density one in
units of 2m/h.

The linear term in ¢ in Eq. (3.1) breaks time-reversal symmetry. The term
quadratic in ¢ brings the system to the integrable limit as one increases ¢. This term
1s of little importance for the range of B fields relevant to the experiment under
consideration. The structure of Eq. (3.1) already suggests a linear dependence
between the parameter \/; and ¢/¢,. provided that the operator O =i(x8/dy —
yd/0x) locally connects different states efficiently, thereby mimicking a random
matrix. Although the latter assumption seems to be rather natural, in a dynamical
system, the variance of the matrix elements associated with O will typically vary
with the energy. A quantitative prediction of the trend is possible by invoking the
following arguments: For B=0, Berry conjectured [ 18] that the wavefunction
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of an eigenstate of energy E=h>k>2m for a classically chaotic billiard is typi-
cally given by a superposition of plane waves «,exp(ik; -r) with k, randomly
oriented, £ = |k,;| and Gaussian amplitudes «;. Smce according to this conjecture
0= —h(rxk) it follows that for eigenstates x and v with k, xk, k&, 0=
—hk{v|(rx k) ). lu> =kt,,, where k= k/k and r,, is a random variable. In order to
compute the wavefunctions of the stadium with good accuracy, Heller [ 19] typi-
cally uses k.# plane-wave components. Taking into consideration the number of
components and the randomness of «;, one can estimate that 1;, « k ' From this
naive argument, one concludes that 0% « k. Therefore, any numerical study of the
GOE — GUE transition in a dynamical system will be quantitative within a given
energy range. A precise correction for the energy dependence of our results can be
made via the semiclassical approach and will be discussed later.

Analytical results for the GOE — GUE transition are available for the fluctuating
part of the level-level density correlator, defined as

Yi(e/d)=d*p™E) p"(E +e¢). (3.3)

where p is the mean level density. For the model defined in Eq. (2.1), one finds in
Ref. [16] the following analytical expression for Y, as a function of x=¢/d and :

sinzy\? 1 ;7 s, sin i
Y,(x, f)=< 7”> 7-,J dr re?  sin rx j dy — Al e~ (3.4)
nx ARy q

Unfortunately, this statistical measure is not very efficient for quantifying 7 in
practice. Many numerical studies show that a more adequate one is the A;(x)
statistic, which can be related to Y,(x) straightforwardly [20]. We have proceeded
as follows: For different values of ¢/¢,, we computed the A4, level statistics and
adjusted 7 in Eq. (3.4) to obtain the best fit. The results for the quarter stadium,
with radius R=1 and length* /=0.5 are presented in Figs 3a-c. The statistical
analysis of the spectra was performed over an energy interval where the level
density stays almost constant. {Only the leading term in Eq. (3.2) is relevant.)
Since we are interested in a quantitative determination of the transition parameter,
care must be taken with respect to the following: (a) Berry’s saturation of the
A-statistics, which would jeopardize the method. By restricting our analysis to
x < 10, this problem is circumvented. (b) The lowest eigenstates of the stadium
show some marked regularities. In our analysis, we considered levels only above the
fiftieth. In so doing, the agreement for ¢ =0 with the GOE results (for levels up
to 300} is very good. (¢) Spectral modulations due to “bouncing ball” orbits would
make comparison of the model (ie, Eq. (2.1}) with the billiard difficult. For our
choice of a relatively small //R, similar to the experimental situation, there are no
sizeable modulations. The numerical results indicate that \ﬂ = 3.87¢/¢,. The uncer-
tainty in the fitting of the best 4;(x, t) is about 5% due to statistical error bars.
Here, we determined ¢ for a system containing approximately » =400 electrons. The

* In this section, the length of the stadium is denoted by /.
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physical situation of interest is more likely to deal with n=x O(10%), and the
question is how our result will be changed for this region of the spectrum.

A partial answer to this question was given by Berry and Robnik [21], who
analysed the semiclassical transition parameter for a billiard threaded by an
Aharonov-Bohm flux line. They found that for a fixed @/@,. ! increases as n'’,
A complete semiclassical treatment can be found in Ref. [ 17], where ¢ is expressed
in terms of the density of states and purely classical quantities:

\ﬂ:K(E)/)“"(E)

4h ’ (3.3)

where K(E) is a classical quantity which measures the average magnetic flux
squared that is enclosed by a typical trajectory. We should like to stress that it is
not the purpose of this discussion to further improve the semiclassical approach,
but rather to apply the findings of Ref [17] to obtain some quantitative results.
For this purpose, we shall present the semiclassical results in a nutshell, motivate
their origins, discuss briefly K(£), and rescale it in a convenient way, Finally we
compute K(E) for a certain geometry and determine the f-dependence in a way
independent from the previous one.

After some manipulations on the Gutzwiller trace formula, Ref. [17] gives Y,(¢)
as

o

Y2(8)2<L> |drlgl et L g G STy ) (36)
2rnh 5
where the average { --- >, should be taken over an energy interval that is large
compared with ¢ and the smoothing parameter » should be small compared with
¢. The central dynamical quantity to be computed is the phase space average
(- >p, of A4S as a function of time 7, which replaces the usual average over
periodic orbits. It is interesting to note that all the physics due to the presence of
the magnetic field is contained in the latter quantity. Introducing the dynamical
variable @(17) = A(r)-r=e¢Bgp(1), one can write

CASY Ty =8(eB) | dr | dr oty i +1)> .. (3.7)
0 0
There is considerable work in the literature dealing with long power law tails ¢ — o
of (1) p(t+ 1)), and similar correlators. These works and our numerical studies
assure us that {g(1) @(t+ ")), decays sufficiently fast so that one can define

KIE.0)= | df' <gl0) p(1), (38)
(]

and (ASH1)) ., 8(¢B)? K(E. t— o ) t for sufficiently large 7. The quantity K(E) has
trivial £ and .o/ dependence, and it is convenient to single out these variables so as to
obtain a correlator  defined for a unit area and unit velocity, which depends solely on
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the shape of the billiard. This can be easily done by a proper rescaling of the coordinates
and the time; as a result, one has

K(E, r)z\/(2E<c*/",r’m)K(r}. (3.9)

Inserting this into the semiclassical expression for the transition parameter and
recalling Eq. (3.2), one arrives at the relation

z=<¢> (N™E)'?n°K(t— o), (3.10)
¢()

where N*(E) is the cumulative level density, which counts the number of single-
particle states in the billiard up to the energy E. This result gives us the correct
energy scaling of the problem, implying that for a fixed magnetic field the
GOE — GUE transition will become faster as the number of electrons » increases
{in agreement with Ref [21] and our naive estimate). Moreover, it indices that \ﬂ
depends linearly on ¢/¢, as a naive inspection of Eq. (3.1} would suggest. Equation
(3.10) also allows one to obtain quantitative results by determining x for the
specific system under consideration. In Fig. 4, we present our result for x, obtained
by a numerical average over the phase space. This was done by computing 10 tra-
jectories with randomly chosen initial points. (It is of interest to mention that such
an average has to be performed over closed paths; otherwise the results depend on
where the origin of the coordinate system is taken.) Our result is x(7 — oc) >~ 0.06.
It follows that \ﬂzoc[N“‘(E)]'”4 /by, with a=~105 in good agreement with
1.03 =3.87/(200)"* obtained by the other method (where we should note that
N*(E), being the number of levels, is half as small as n due to spin degeneracy).

0.08
0.04
—_
)
S’
b
0.02
0.00 i 1 1 L 1
0 10 20 30 40 50 60

t

Fi6. 4. The correlator «(1) (defined in Eq. (3.9)) as a function of the time ¢ computed as a numerical
average over phase space, taking 107 trajectories. The ¢ — «c asymptote is x ~ 0.06.
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4. SUPERSYMMETRY FORMALISM

To calculate the ensemble average g, we use Efetov’s supersymmetry approach in
the version described in Ref. [ 14]. In that paper, the scattering problem formulated
in Section 2 was worked out without the GOE-symmetry-breaking term in Eq. (2.1).
The present calculation follows very closely the lines of Ref. [ 14].

The appearance of the symmetry-breaking term causes the scattering matrix not
to be symmetric. This leads to a set of source terms not considered in Ref. [14].
Moreover, the appearance of the symmetry-breaking term in the effective
Lagrangian of the zero-dimensional non-linear sigma model derived in the N — o«
limit makes it much harder to calculate the terms of highest (eighth) order in the
anticommuting integration variables. These are the terms that yield the answer to
our problem. (All terms of lower order yield vanishing contributions. This state-
ment, well known in the absence of symmetry-breaking, applies also in the case
considered here [22].) There are two ways to overcome this difficulty: (1) One may
use a parametrization of the Q-matrix developed by Altland, Efetov, and lida [ 23]
which 1s particularly tailored to time-reversal symmetry breaking, or (ii) one may
use Efetov’s original parametrization [ 15] of the Q-matrix in conjunction with the
method developed in Ref. [5] to simplify the form of the symmetry-breaking term.

We have tried both approaches. It turns out that method (i1) is very much
simpler: The terms of highest order can be obtained by hand, 1.e., without recourse
to a computer-based algorithm. The reason is that in comparison with the level
correlation function, the source terms needed to obtain the elements of the scat-
tering matrix depend on @ in a more complicated way: The matrix Q appears in
the denominator. In such a case, the method of Ref. [23] becomes very unwieldy.
This is why we have adopted method (ii).

In what follows, we have attempted to render a reasonably complete and systematic
account of the derivation of the explicit formal expression for ¢ as given within the
supersymmetry formalism. Although much of this material has appeared previously in
various guises, these sources are rather fragmentary, and so we consider it worthwhile
to present here a pedagogical treatment that is hopefully comprehensible to the
relatively uninitiated reader who has a little background in Grassmann algebra and
general random-matrix theory. At the same time, we aim to achieve consistency of
notation and conventions. On the other hand, the expert reader should simply take
note of our generating function as given by Egs. (4.14)-(4.16), which incorporates the
new source matrix that is employed in the present calculation. This is given in Eq.
(4.19). From here, one can proceed directly to the final integral expression over super-
matrices for |S,,|”, which is presented in Eq. (4.42).

4.1. Generating Function

Let us consider a generating function given by
Z(e)=detg '[D+ J(e)]
=exp{ —TrgIn[D + J(¢)1}, (4.1)

95243 142
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where the symbols “Detg” and “Trg” denote the graded determinant and graded
trace as defined in the supersymmetric formalism of Ref. [14]. Here, the inverse
propagator D has been extended to a 4N x 4N supermatrix,

D=E—H)l,+ oL +iQL, (4.2)

where =3, 0° and L;;f =(—=1)""! 0"[,[,.0‘”' is the diagonal supermatrix that
distinguishes between advanced and retarded parts of D. We have D,, =
[diag(D, D")],,. where p, p'=1, 2, with p=1 referring to the retarded block and
p =2 to the advanced block. The indices a, o' =0, 1 determine the grading (with
o =0 for the commuting (bosonic)components and a =1 for the anticommuting
(fermionic) components). We have also allowed for the presence of a difference
w=FE, — E, between the energy arguments of the two S-matrix elements that multi-
ply together to form g. According to Eq. (4.2), D, corresponds to energy £, =
E + S while D,, corresponds to energy £, = E — J. We shall ultimately set = — 0,
but keep it in the interim to facilitate comparison with other related work [23].

The source supermatrix J(¢) depends on a set of parameters ¢, labelled by some
(multi)-index m and is taken to have the general form

Je)y=¢,M, (4.3)

for some set of 4N x 4N supermatrices M,,(z, v). It then follows that

0? ; _ Z —1 —1

%, o, Z(&) C:O:Trg M,D " Trg M, D"+ TrgM, DM, D”". (44)

For the problem at hand, we shall make the choice of source matrix
Lal{el ) =1 Y, 3 1) Waely Wiy (45)

where o

I7(j)=—k*6,,0,, (4.6)

is a projector onto the p =/ block with &* =(—1)*§**. In this case, the second
term on the RHS of Eq. (4.4) vanishes if we differentiate with respect to ¢,,=¢!,
and ¢, =¢;,. Comparison with Eq. (2.8) then leads to the identification

, 0?
IS ~mz(é) (4.7)

e=0

4.2. Ensemble Average

As a Gaussian superintegral, the generating function Z(¢) reads

Z(s>=j’£f¢%ﬁexp{i2 <</37,,[(D+J)<p];>}, (4.8)
P
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where we employ the notation

CFu), Gy =Y, Flu) G, (4.9)

#

and @7 (u) is a four-component supervector field. The adjoint supervector is defined
by @ = ¢'s with

' x Saad 8
Sy =8,070

sa=(— 1) e, (4.10)

e

The presence of the supermatrix s in the definition of the adjoint ensures the
convergence of the final integral representation of the ensemble-averaged generating
function as a supermatrix non-linear o-model and ensures the correct combination
of compact and non-compact symmetries therein [24].

With the definitions

q>=<s;’*>, F=0's, (4.11)
we have the property
PAp =1 DAD, (4.12)
where
a=(? 9 e

for any supermatrix A that is diagonal in the graded indices a, o’. The eight-
dimensional supervector @ possesses the “charge-conjugation” or reality property
@* = (P which can equivalently be expressed as a condition of Majorana type,
viz. @ =(AP)", where the matrices C, A are defined in Appendix A. In view of
Eq. (4.12), Eq. (4.8) may be cast in a form that renders the GOE ensemble average
particularly simple, namely,

Z(g)=J’5/<pexp {é > <<13,°,‘,.,[(D+J)cb];,_>}. (4.14)

poxr

The indices r, r' span the additional matrix structure due to the doubling of dimen-
sionality implied by Eq. (4.11). We shall say that the index r labels the “GOE
blocks.” Here. we have

D=FEl,—H+joL+iQL, (4.15)
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and the definitions of H and J are those implied by Eq. (4.13). In particular,

H ‘
H :<0 :,r> —HY®1y+i J(/N)HY® T, (4.16)

where the matrix t* is defined in Appendix A. We should note the following
symmetry properties: (1) transformations 7: @+ 7@ that preserve the relation
@* = CP obey

T*=CTC! (4.17)

and (ii} transformations 7: @ T that leave the bilinear @@ invariant are those
which satisfy

T '=5T"s. (4.18)

The set of 8 x 8 supermatrices respecting conditions (4.17) and {4.18) forms a super-
group with compact and non-compact bosonic subgroups. In the absence of
symmetry-breaking and source terms, the generating function in Eq. (4.14) is
invariant under this supergroup.

Special attention should be paid to the induced r-space structure of the source
supermatrix J,

VWt W, 1 Y S L) Waels) W, (4.19)

av®ahb av©ab
a b j=1

H M.J

Jo=n Z
b

where ¢3)/ and Lij,’” are the parts of ¢/, symmetric and antisymmetric in the indices
a, b, respectively, and we have introduced I,(j)=I1;j)®1,. L(j)=[j)®1"
Consequently, the symmetrized form of |S,,|> can be written as the sum of two

ferms:

1 oh 1 0’

= 4G "'8&‘,}‘”" Z(£Y,0) + Z(0, &'

A Antai i A (a2
4 aé’ ub aﬁha e=0

(4.20)

l 2 '7
E{|Suh|_‘+‘ !Shul_l

for « # b. Cast in this form, the contribution to |S,,|* from the first term on the
RHS of the equation above is generated by essentially the same source matrix as
used in Ref. [14] for the pure GOE problem; the second term is generated by a
new source matrix. This latter term must vanish for +=0 and accounts for the
asymmetry of the S-matrix.

The factor in the integral of Eq. (4.14) which undergoes ensemble averaging can
be decomposed as

H

exp ;5 Z <(‘Dpr H(p)p:>}

R

-—exp{ *lTI‘H(S’V"O’} exp{ INTI‘HH’(f”” . (4.21)
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where we have introduced the ordinary N x N matrices in the level indices pu, v
SNy ) =3 Y, B () T, DAY, (4.22)
P
and we take " =1. Gaussian ensemble averaging leads to the relations
T ST s A
exp{ —i Tr H>'¥'"'} =exp trg S°
14 41’\/
) ) (4.23)
exp’\/m Tr H' My g =exp LA trg 385738
A N 4N f
where
So e = Z @5 (1) D 10) (4.24)
1s a supermatrix. These results are easily derived with the aid of the relations
N SO w) SN vy =g S
v (4.25)
Z ‘(/’10)( v, ,ll) ’(/11())( v, ’“): %trg SZ‘
Ho¥
and

Z '(/'13}( v, /1) ’(/rl.ﬂ(lu’ V)= + % trg I'}ST}S.

aov (4.26)

Y S w0y S P )= — g TSTS.

v

The ensemble-averaged generating function then becomes

7] = l“,j(p i Mexp{ Z <<D,,, [1El+§(uL+iQL+J)<D];,_>}. (4.27)
¢ PR
where

3

A t
PP H - _ 2 . 3 3
1£7%(S) 4N{trg5 +Ntrgt SrS}.
4.3. Hubburd-Stratonovich Transformation

Following Ref. [25], let us introduce unity under the @-integral in the form

(S

Vo oM S H(S) = | wa e, (4.29)
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followed with an interchange of the ¢ and @ integrations, where ¢ spans some
appropriate space of supermatrices, not yet specified. The quantity W{o, S) can be
any function provided the integral in Eq. (4.29) is convergent. The choice

N
W, S)=—¢7 <S—ITJ> (4.30)
leads to
. # . N 2 t 3 3
iL*(SY+iWla, S)= -7 trgo- +~A~,trg ToTg
MZ <<13“‘ {<Z+, X ‘>¢]1> (4.31)
- - — i , .
2 ZoN N o
where X =ad,,. The quartic dependence on @ in the exponent of the generating

function implied in ¥ #(S) is thus eliminated, and if the space of ¢’s is chosen such
that . A(S)=.¥(0) (ie., shifts are allowed), then the remaining quadratic
dependence on @ is amenable to exact integration, which yields

—_ N S,
Zie)= ' Yo exp {—Z[trg o’ +Ntrg r-‘ar"a]}

1 1
X exp %—;Trg ]n{El +§u)L+iQL+J—}t <Z+%r32t‘)]} (4.32)

VAT
The appropriate space of matrices ¢ is given by those which assume the form
a=T"YP—inl) T, (4.33)

where the P, which represent massive modes, are essentially Hermitian and block-
diagonal in the p-index, and the T span the set of matrices defined by Eqgs. (4.17)
and Eq. (4.18) modulo the subgroup that commutes with L. The positive constant
n s required for convergence, and its precise value will be determined from the
saddle-point equation. Next, we write P—inl =ag,+ JdP, where g, is the unique
diagonal saddle-point that lies within the integration manifold, and JP are the
fluctuations around it. Thus we have =065+ T '6PT with o, =T 'o,T. The
massive fluctuations can be integrated out in the limit N — oo, which leads to an
expression Z(¢) identical with Eq. (4.32), except for the replacement o — o
everywhere.

With £=0 and neglecting @ (which is assumed to be of order O(N ")), the
saddle-point equation reads g,+0,'=0. Setting o,=x1+yL leads to x=0,
y= ti According to Eq. (4.33), the correct choice is g,= —iL. So we write
o= —iQ, where Q=T 'LT Having set E=0, we can write

Z(2) = [ 9 Q ! ¥ @i Homst &), (434)
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where
Ll Q)= ftrgr ‘ot Q—%Tl{g In <1(0L+IQL+I)Q> (4.35)
and
L d O T ) = ;T/Fgln{l—i-(]/ )wL+11.QL+1}QJ} (4.36)
with
Q_——_Q+—[A—,r3Qr’. (4.37)

The summation over the level index g (implied in the trace “Trg”) can be performed
by virtue of the orthogonality relation of Egs. (2.10), (2.11), from which one can
derive the result

Tr(o+Q)'=(N-M)' +Z(m+x ", (4.38)

i

for n=1,2, ... and any constant . (In our case, = —iw,2.) Consequently, £.,(Q)
can be decomposed according to Z.;(Q) = .%,..(0) + Z.n( Q) with

N
[ Ll Q) = Ztrgt 0’ Q———trg In (1 (uL+1AQ>

1 1
i%n(Q) 2; re n[ +(l“u’2)wL+i/1~QI ‘ ]

Next, we expand .%...(Q) and Z.,(Q) in the small quantities «» and t/N to leading

order. Using the fact that 07 =1, this yields

(L5l Q)= ——trg oor?

| ¥ (4.40)
iL0)= —;Ztrg In <l +~/l—'LQ>,

We note that i %,...( Q) coincides with the analogous quantity derived in Ref. {23]. At
this stage, we implement the assumption of equivalent channels with 1deal couplings,
as already discussed in Section 2, by setting X, =/ for all ¢. Thus we obtain

#,(Q)= 3 g In(1 + LQ) (441)

noting that Y _ 1 = M by definition. The source term can be treated similarly.
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Letting «» — 0, we finally arrive at the expression

1S, 17 :J Y Q exp [ —&; trgIn(1+ QL) —%trg Qr"Qr’}

: 1 ]
L (1)~ 12 ] 442
Xgltrg[HQL Wer )] (442

The space of the supermatrices ¢ can be parametrized by 16 real variables.
These can be chosen to comprise two “azimuthal” angles, three “Cayley—Klein”
parameters, eight anticommuting variables, and three eigenvalues (1 compact and
2 non-compact). All but the three eigenvalue parameters can be integrated out
analytically. The final threefold integral giving the exact result for |S,, |7 in its maxi-
mally reduced analytical form must be further evaluated numerically. Our result in
Eq. (4.42) differs from that of Ref. [ 14] by the appearance of the new source term
containing I,(p) and the symmetry-breaking term involving 7* in the exponent.

5. ExacT RESULTS

Using the method developed in Ref. [5], we can perform in Eq. (442) the
integration over all the anticommuting, as well as over several of the commuting
variables used in the parametrization of Q. We are then left with a threefold
integration over real variables (the “eigenvalues” in Efetov’s parametrization).
A summary of the technical details involved in the derivation is presented in
Appendix B.

For ease of subsequent discussion, it is convenient to separate the exact result for
IS, |7 into two contributions:

ISuhlzz{Sl|2+|Sl|2# (51)

where |S,|* represents the part arising from the first source term (j=1) of
Eq. (442) and |S,]|* that from the second source term (j=2). Then we have, for
a#b,

l +1 x L l-{»—,{ M 2 l—} /iz+}~l_2
SiP=x| di| | diy(—i-) e i 1723
15,1 zf,,l‘ jl ‘ ‘jl ¢ -(,{,+AZ) ¢ {1+2+(A,+).2)3

% {_%1?5[(1 —~).2)(1 +e’2'”’*2‘)—(l%—2§)(1 L /;.3))]

4 " L
+;j;[“ ~ Ay e A 4 3 —e 2! "")]} (5.2)

where
A= +AT+ A3 =242, 4, — 1, (5.3)



[R]
W

FROM ORTHOGONAL TO UNITARY SYMMETRY

| S A 14+ >M . |
5 1. 1) 1, - . L2k 1)
2“. ](/J] ‘ Y ”_<;t|+ig, ‘ A

x§’~(l+0 211 ;.3)71_‘ ! ”> -2
=A%) ) (V420 A + 4s)

+ [ (1 + A4y — 2hy) — 2304, +/12>]}

4
+{l—¢ -""”}(H- (1 —2)4, )7—/)+/ ,;--[(1—2.)(/‘.3~)j.,)
L4 As
Sy ]
+ 23504 — 43)] f (5.4)

We remark here that (i) for =0, |S,[>=0, so that only |S,|? contributes to the
GOE limit, while (ii) for r— «, |S,]>=1S,|; ie. the two terms give equal con-
tributions to the GUE limit.

The S-matrix result above can be converted into a conductance by virtue of
Eq. (1.2). We define the quantity dg to represent the positive deviation of the mean
conductance g from the GUE limit 1 — = 1e.,

dgit. My=glt— ». M)—glt. M), (5.5)

5.1. Analvtical Results for Special Cases

For general values of ¢, one must resort to a numerical evaluation of Egs.
(5.1)-(5.4). However, various special cases can be treated analytically. Here, we
shall quote the results, relegating details of the derivations to Appendices C and D.
{a) In the GUE limit (7 — =), one integration drops out to yield

I L4\ 1 [L=4 -1
S . |-= 1/ )
Sl =] 2] ‘<1+z,> (/‘.,—2)2{1+/‘.+21+1J

1
= 5.6
M (5.6)
The corresponding value of the mean conductance in this limit 1s then
ZauelM)=M;2, (5.7)

in agreement with Eq. (1.8). The integral in Eq. (5.6} does indeed correctly
represent the GUE limit of |5, |°. This was worked out separately along the lines
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of Ref [14], replacing the GOE Hamiltonian ensemble used there by a GUE
Hamiltonian ensemble. (b) In the GOE limit (1 =0}, one has, for a« #b,

- /i e i < 1+ 4 )‘" 1 -2
A An i 5 5 A - 3
| ¢ ‘Jl @2 Iyt ds) (A +23—-2444,—1)°

‘Suh l =

5[“11,1
2]

[1—). }tf+}£—2]
Y R SRR s
1+2 (A +4,)°

1
= . 5.8
M+ (58]
This leads to a mean conductance for zero field that is given by
_ M*
g(;();a(M)=m‘ (5.9)

We have also checked that, after a suitable change of integration variables, the
integral formula above agrees with Eq. (8.10) of Ref. [ 14] upon setting 7. =1 for
all ¢ and considering « # b. Details are provided in Appendix C. (¢} One can also
perform a large-t expansion of Egs. (5.1)-(5.4). For values M > 2, one obtains

— 1 M 1 1
1_ —+ 0= 5.
S| M M —18 <13> (3.10)

The corresponding result for the large-¢ tail of the weak-localization term is

Ml 1
Se(t, M) = +o<<>. (5.11)

M1 16t B

The derivation of this result, which is not entirely straightforward, is outlined in
Appendix D.

5.2. General Magnetic Field

For general values 0 <1< oo, the eigenvalue integrations in Egs. (5.2), (5.4) can
no longer be carried out analytically. However, progress can made examining the
implications of assuming that Jdg(¢, M) is indeed Lorentzian in the magnetic field:
B~ ¢/, ~ \ﬂ Accordingly, we write

1 1/
Sglt. M)y=— - L (5.12)
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The unknown parameters @ and b can be determined completely from the three
special cases discussed above. To find «, we set =0 in Eq. (5.12). This gives

1
—=0g(0, M)
a

=g(t— o, M)—g(0, M)

. A (5.13)
C2AM+1) '

with the help of Egs. (5.5) and (5.6). To find b, we expand Eq. (5.12) in powers of
1/t, which yields

! | I |
()g(,‘M)—E{l+c1/(lwt)J—b—t+m' .14)

Thus 1/b is the coefficient of 1/1 in dg(r7, M) as given in Eq. (5.11). Consequently,
we see that
b 8M-—1)

PR VER (3.13)

Substitution of Egs. (5.13) and (5.15) into Eq. (5.12) gives us the result for the
expected Lorentzian:

" M 8(Mfl)>
()g({’M’_z(M+l){l<l+ IYE r]. (5.16)

Although the conjecture (5.16) will have to be verified numerically, there does
exist a particular limit in which the correctness of the Lorentzian form can be estab-
lished analytically. This comes from observing that for large M, the weak locahza-
tion term, as given by Eq. (5.16), depends on M and ¢ only through the ratio +/M.
It is possible to expand the exact integral representation of dg(r, M) in the
simultaneous limits f— o« and M — o« such that the ratio +/M is kept fixed and
arbitrary. As is demonstrated in Appendix E, the resulting eigenvalue integrations
can be performed analytically. In leading order, one reproduces the GUE limit of
Eq. (5.7). The weak-localization term is then given as

Oglt, My =f(t/My+ M fLt/MY4+ M 5t/ M)+ - --. (5.17)

The leading correction reads

fo=5," . (5.18)
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This result is consistent with Eq. (5.16) and confirms that, for large values of M.
the leading correction to the GUE limit is a Lorentzian in the magnetic field
B~ \ﬂ The next two corrections read

1 M

M~ UM+8Y 519)

fo (B0 481 M 4+ 13(81)° M* 4 16:M* + M*
M 2M(M +81)° '

One can easily check that these results are in agreement with the expressions for the

GUE limit (+/M — x) and the GOE limit (+/M — 0). They also agree with the
large-t tail given in Eq. (5.11).

6. NUMERICAL ANALYSIS

In order to verify whether Eq. (5.16) is indeed a good representation of
Egs. (5.1)—(5.4) over the whole range of values of r and M, we should compute

140 — — l

120

XRRERIR

LI T I T
(=2}
\
\
\

100 | 12 e 7
80
60
40

20

0 5 10 15 20

Fic. 5. Graph of the reciprocal of the weak-localization term dg ' versus the magnetic-field
parameter ¢ for M =1. 2,4, 6, 8 10, 12 on a scale (0 <7<20).
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|S.»|” numerically as a function of these parameters. This data is most easily
digested if we plot the curves of reciprocal weak-localization versus 1, ie.,

L2 ]!
dg =MJM'|SMI'1 vs L (6.1)

for various values of M. According to the Lorentizian hypothesis, we expect to find
og "t M)=alM)+h(M)1t, (6.2)

Le., a straight line in ¢ for each value of M.

Unfortunately, the exact integral expression for |S,,|* as given by Egs. (5.1)~(5.4)
1s not directly amenable to numerical evaluation. It must first be subjected to a
number of changes of integration variable in order to improve the behaviour of the
integrands. This procedure is outlined in Appendix F.

Some numerical results for the curves specified by Eq. (6.1) are presented in Figs.
5 and 6. One can make the following observations: (1) For M =2, 3, 4, 5. .. and
1 <100, the numerical plots agree with the “theoretical” straight lines to better than
I part in 10°, and the degree of agreement improves as M is increased, consistent

30 T T —T — T T T
M= 1 —
M= 2 ---
M= 4 -
25+ M= 6
M= 8---
M =10 ---
M= 12 -

20

15

10

FiG. 6. Graph of the reciprocal of the weak-localization term Jdg ' versus the magnetic-field
parameter ¢ for M =1.2,4, 6, 8. 10. 12 on a smaller scale (0 <r<4).
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with Eq. (5.18). (i1} Odd values of M are unphysical, although the threefold integral
remains well-defined. This holds true even for M = 1. We observe, however, that the
M =1 curve deviates significantly from a straight line. Moreover, Eq. (5.16) does
not even make a sensible prediction for what straight line could have been expected
in this case. To illustrate the extent of the deviation, we plot in Fig. 7 the weak-
localization term Jdg as a function of \ﬂ for M =1 and compare it with the corre-
sponding Lorentzians obtained from fitting to the large-\ﬂ tail of the M =1 curve,
and also its FWHM. The inference that one draws from all this is that, viewing
og(t, M) as a continuous function of the real variable M, a transition to almost
Lorentzian behaviour happens somewhere in the region 1 <M <2.

One technical point, especially relevant to the case M =1, that is worth men-
tioning is the following: For given M, the quantity |S, | varies monotonically from
the GOE value of 1/(M+1) at t=0 to half the GUE value, viz. 1/(2M), in the
limit 1 — oc. Thus for M =1, it should remain constant with a value of { despite
its complicated structure in the variable ¢ This is precisely what is observed
numerically.

1o T T T T T T T T
M=1-—

0.9 b \N Lorentzian Fit to Tail ---—
y 0N Lorentzian Fit to FWHM ----- 1

sqrt(t).

Fic. 7. Plot of the weak-localization term dg as a function of \ﬂ for the case M = |, compared with
the corresponding Lorentzians obtained from fitting to the large-\/—r tail of the M =1 curve and to its
FWHM.
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7. DISCUSSION

To determine the magnetic-field scale on which the GOE — GUE transition occurs,
let us look at the full width at half maximum (FWHM), which we shall denote by
F (M), of the dg versus \/t curve: dg = 1/[ a + b( \/) ]. From Eq. (5.16}, it is easy to
see that

FiAM)=2 \/a/b—

J2AM 1)
Mo \/M ' (7.1)
Thus we conclude that the GOE — GUE transition is delayed as the number of open

channels increases. We should also observe from Eq. (5.16) that the limits t — o and
M — . do not commute;

il

lim og(¢, M)

1 —

0 forall M,
(7.2)
‘}im dglt, M)=1} for all .
In the former case, one trivially remains in the GUE limit whatever the value of M,
while in the latter, no crossover is observed, with the GOE weak-localization term
holding for all values of ¢.

This phenomenon can be related to two extreme cases in problems involving quasi-
one-dimensional rings. When one considers an isolated quasi-one-dimensional ring
(hence not coupled to external channels) such as in the calculation of persistent
currents [ 5], the transition from GOE to GUE sets in very rapidly with increasing
flux angle—at a value around ¢/¢,~ [d/(nE.)]"?, where E, denotes the Thouless
energy. On the other hand, in the problem of AAS oscillations [ 26 ] in the same quasi-
one-dimensional ring now coupled to two leads carrying a large number of channels
M., one computes the weak-localization term as an expansion in terms of diffusions
and Cooperons [ 3]. Here, one does not observe a transition to GUE behaviour for
any value of the flux angle. The oscillations of the magneto-conductance persist for all
values of ¢/¢,,, as the Cooperon (a periodic function in ¢/¢,} is never suppressed. The
hypothesis that the GOE — GUE transtion is delayed with increasing channel num-
ber clearly renders these two distinct observations consistent.

The broadening of the Lorentzian with increasing channel number implied by
Eq. (5.16) can be simply understood in terms of the two relevant time scales that
enter the problem. (i) We have 7, —the average time taken by the time-reversal
violating perturbation (due to B) to mix the GOE levels. The width associated with

this time scale is
2n
rmixz_I: ‘ jz:“ }

2at A7

== 5 (7.3)
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in which case

h nh
mm 7.4
Tmlx r 2[d ( )

mix

since d =n//N. Thus, a stronger magnetic field requires a shorter time to mix the
levels. (1) We also have 7. --the decay time of states in the internal region due to
the coupling with the leads. The associated width 1s given by

M
———d (7.5)

and this leads to

h 2nh
Tdec :ch::Md. (76]

from which we see that for more open channels, the electrons spend less time within
the stadium. Therefore, an increase in the number of open channels implies 4 decrease
in 74, which means that the same degree of time-reversal violation will require a
smaller 7,..; and this is achieved by a stronger magnetic field. The ratio
I/ Taee ~ t/M provides a measure of the time-reversal violation, and we note that
for M >> 1, dg depends on ¢ only via the combination ¢/M. This feature is not explicit
in the semiclassical result of Ref. [ 12] but can be inferred indirectly [ 27, 28].

If one considers the problem of calculating dg(f, M) in the framework of the
asymptotic expansion of Refs. [ 1, 3], which essentially proceeds in inverse powers
of M, then one is able to identify analogues of the diffusion and Cooperon as
I15'=M and I1:'= M + 8¢, respectively. Equation (5.16) has a very simple inter-
pretation in terms of these quantities: If one considers M to be large {compared
with unity) but /M not necessarily small, then one can write

: M\/M
delt, M) ~ 2 < ) ><7> My, (1.7)

where the first three factors represent the spin degeneracy and the summations over
the incoming and outgoing channels. In this approach, a diffusion factor is always
implied by the structure of the lowest-order contribution to the source term and
reflects the coupling with the leads. With increasing ¢, the Cooperon contribution
i1s damped out and, with it, dg. One should also note that the RHS of Eq. (7.7)
corresponds to the first term of the expansion given in Eq. (5.17).

We have treated the stadium billiard strictly as a one-particle system in which
classical chaos and magnetic flux combine to cause the GOE — GUE crossover
transition. In actual fact, we should have treated the stadium as a problem
involving a large number (say 4) of non-interacting electrons. In such a system, the
eigenvalues of the many-body Hamiltonian H=37_, H(j) will not obey GOE (or
GUE) statistics, even if the eigenvalues of each of the single-particle Hamiltonians
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H(j),j=1, .., A, do. Does this fact necessitate a rethinking of our method and of our
results? The answer is no. Indeed, using the argument of Ref. [ 29 ], one can easily show
that for non-interacting fermions, it is legitimate to calculate the single-particle scatter-
ing matrix without paying attention to the presence of the other fermions.

It is of interest to compare the suppression of weak localization by a magnetic
field B in the ballistic and in the diffusive regimes. In the ballistic regime, we have
found that for M >> 1, the crossover behaviour is governed by the dimensionless
parameter M~ '(¢/$,)°. In extended diffusive samples, the analogous parameter is
(BD1,/¢¢)* [30]. Here, D is the diffusion constant, and t,, is the inelastic mean free
time. The factor BDt, can be interpreted as the flux through the area Dr,. This is
the area covered by diffusive motion during the time interval 7,,. In the ballistic
case, Drt, is replaced by the actual area 4 of the stadium, and the crossover is
delayed by the additional factor M ~'. This factor accounts for the presence of open
channels and, hence, for the actual width of the levels in the stadium. In the dif-
fusive regime, the corresponding width is given by #4/7, and is already contained in
the factor Dz . In finite quasi-one-dimensional diffusive systems with dimensions
smaller than the phase-coherence length L ,, the magnitude of the weak-localization
correction (3) is larger than our maximum value (}) for dg. The area is given by the
area of the sample.

Finally, let us attempt a comparison of our theoretical result (5.16) with
experimental data. There are several reasons why a direct comparison of our
Eq. (5.16) with the results of Ref. [7] for g is not possible. First, the stadium used
in the experiment possesses a twofold reflection symmetry. Hence, in the closed
stadium there exist classes of states pertaining to different quantum numbers with
respect to this symmetry. This fact is not taken into account in our modelling of the
Hamiltoman. Second, the stadium is known [31] to have a family of “bouncing
ball” orbits which might obscure the connection with our random-matrix model. In
view of the way the leads are attached to the stadium, it is likely that these orbits
affect the experiment only slightly. Third, the data of Ref [7] were obtained by
averaging over the gate voltage or, equivalently, over the number of channels and
the area of the stadium. Finally, the data show a marked dependence on tem-
perature which we do not take into account. For purposes of orientation, we none-
theless take the data of Ref. [7] at face value. For large B, the value of g is close
to 3. This suggests M x 6, recalling that g5 e( M) = M/2. Insertion of this value of
M into Eq. (5.9) for the zero-field value of dg yields a theoretical prediction of 0.43,
to be compared with a value of 1 found experimentally. Also, one can write

1 =k¢/po=(0.24) kab, (7.8)

where a is the area of the stadium measured in (#m)? and b is the magnetic field in units
of millitesla. With the aid of Eq. (7.1), this gives the theoretical FWHM in b to be

I 5
Abvwin = g/ M2AM = 1) ~ 2.7, (7.9)

595724313
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for M =6, a~0.5 (um)?, and taking k ~ 5.8. This value of k results from esitmating
the number n of electrons in the stadium to be ~2000 and using the scaling
relation

n

1/4 N
k,,=<m> k400=3.87<a-66> , (7.10)

as discussed in Section 3. Both the values for the height of the Lorentzian and the
FWHM differ somewhat from what we read off the experimentally fitted Lorentzian
shown as a dotted line in Fig. 3b of Ref. [7], namely, { and 5 mT, respectively. The
discrepancy is consistent with the presence in the experimental data of effects, such
as finite temperature and inelastic scattering, that will tend to wash out coherent
phenomena, and that manifest themselves as a flattening of the peak and a
broadening of the width.

8. CONCLUSIONS

We have derived a universal expression for the flux and channel-number
dependence of weak localization, dg, in classically chaotic ballistic microstructures.
For M =2, dg(t, M) is almost Lorentzian in \ﬂ~ B. The FWHM of dg(t, M) ver-
sus \ﬂ grows with channel number essentially as ./ M/2, so that the GOE - GUE
crossover occurs at ¢ ~ M/8. This fact is arguably the most interesting result of this
paper: An increase in the number of channels causes an increasing delay in the
GOE — GUE crossover transition.

It is remarkable that for values of M as small as two, Jdg(s, M) is almost
Lorentzian in /7~ B. This is reminiscent of results for the S-matrix auto-correla-
tion function versus energy in the GOE limit. In Ref. [10], it was found that this
function is close to Lorentzian even for small M, provided all channels have T, = 1.
For “inequivalent” channels, ie., channels with different 7.’s, marked dewviations
from the Lorentzian form occur for M as large as 10 [10]. We speculate that,
similarly, gating one of the leads connected to the stadium may significantly affect
the functional dependence of dg(t, M) on t.

APPENDIX A

In this appendix, we collect the various constant matrices that appear throughout
the paper. Matrices arising from the graded structure of the theory and the sym-
metry-breaking due to the presence of advanced and retarded components are given

by
. /1 0 1 0 1 0
k =<O —l>mf L,,,,/_<0 _JM, 5,,,,,=<0 _k>w. (A1)
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Matrices associated with the doubling of dimensionality in the GOE problem
relative to the GUE are given by

0 1
A”':<k 0>”’, C=s@A1. (A.2)

Matrices arising from the presence of magnetic field and the source terms are given
by

1 0 —k 0 0 0
3 _ = s = .
wo=(p 1)+ I (O 0) L=y _,\) (A3)

In all cases, the explicit indices indicate the space to which the displayed block
structure pertains.

APPENDIX B

In FEfetov’s parametrization, (used throughout this appendix), one writes

Q=UDU, where
cosfl isind O, 0
Dz(-isino —cosﬁ)’ 0~<0 (7F>’ (B.1)
with

{0, 0, /00 fu 0 — (a0
0”"(02 ()]>’ 0"‘(0 {))’ U‘(o p)’ U_<0 ﬁ)’ (B.2)

and we have the relations #=u", =kv*k. The rows and columns of matrices of
dimensions 8, 4, and 2 are labelled by the indices ( p. «, r), («, r), and r, respectively:
the indices follow in lexicographical order. (With «=0, 1, this order differs from
that of Efetov [15].) The 4 x4 matrix « is itself expressed as a product of two
matrices « =u,u, (whence i =u,u,), where

:<l—2ﬁr]+6()717)2 —2(1—2;7;]);7) ) :<Fl 0) (B3)
! 2001 —2im) 1 —2pi7+ 6(n7)° /)" T\o R '
Here,
m YE] > _ + <"I?‘ ’72>
n= . p=n = (B.4)
7 (—'75“ -t ARV T
and
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where |w|?+ |z]*> = 1. We note that F, is an SU(2) matrix, which can be expressed
in terms of unconstrained parameters according to

,_(l-im’)z—lm,jlz, o —721'm;" ) (B.6)
1+m”+|m, - 1+m +m,|°
Similarly, we write v =v,v, (whence ¢ =70,¢,), where
_ _<1+2p‘p+6(p'p)2 —2i<1+2/5p)/5> . _<<1>1 0) (B7)
! 2ip(14+25p)  1+2p5+6(pp)2/) TAO0 @,/ ‘
Here
_[ M P2 ) 4 (p;k l)2>
= . =pt= . (B.8)
g (—/)3" —pt P=P =0t p

and @, =exp(iyt*), ®,=1. The normalization of «’s and t’s is given by iu = iv = 1,
wu,=vv;=1, for j=1,2.

In the parametrization given above, 8,8,, 8, m, ¢, x are real commuting variables,
m, is a complex commuting variable, while n,, ¥, n,, ¥, p\, p¥, p., p¥ are all
anticommuting variables. If we also introduce 4,=cosh#,, A,=cosh,, and
A=cos @, then in terms of these final variables, the integration measure on the
space of Q-matrices is given by

2(1 =242
Q= (———; diy dl, dA PF,dg dy dy, dnf dy,dn¥ dp, dp¥ dp,dp¥, (B.9)
(6dn)”

where #=42+Ai3+2>—2i1, A, —1 and ZF, denotes the SU(2) integration
measure

) 4
9F7= 2 2 2
ol +mt+ m|)

sdm d(Re m ) d(Im m,). (B.10)

One should note that Eq. (B.9) assumes Efetov’s convention [ 15] for integrals over
the anticommuting variables, { dy y =1, rather than the convention of Ref. [14],
namely {dyy=(2r) '”. The integration region corresponds to 1 <2, 4, < oc,
—l<i<l, —wo<m, Rem,, Imm, <w, 0<¢, y<m.

To perform the Grassmann integration, we recall that only that part of the
integrand which is of the highest (eighth) order in the anticommuting variables
contributes [5]. The M-dependent term of the integrand depends solely on the
generalized eigenvalues 8, 6,, 6. By diagonalizing the matrix ¢, we find that

] i 1 +cos M
exp{——EMtrgln(l+QL)}—detg (1+QL)—<W> . (B1D)
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After making the substitution

(1+QL)*‘=1U

< 1 isin 0(1+cosf) !
2

isin (1 +cos ) ! 1 >U, {B.12)

we find, for the symmetry-breaking and source terms, the explicit forms

trg( Qr* Q) = trg[ (cos O, - i, tu, - us)? + 2 sin 0, - i1, T, - uy sin 05, - 7,70, - vs
+(cos OF, -7, T, - v5)*], (B.13)

trg[(1+ QL))" ' I,(1)(1 + QL) ' 1,(2)]

= —;teg[ (1 +cos §) "' sin O, - i@, ku, - ux(1+ cos §) "' sin 06, - &, kv, - v, ],
(B.14)
trgl (1+ QL)' (1)1 + QL) "' 1,(2)]
= —jtrg[(1+cos §) 'sin O, - d,ktiu, - us(1 +cos §) ' sin O5, - T krar, v, ].

(B.15)

The anticommuting variables enter the traces in Eqs. (B.13)}~(B.15) only via the
matrices u,uu, and o uv,, with g =1, k, kt*. By employing Egs. (B.3)~(B.8), we
find that these matrices have the form

dypuy = U, U], Cypvy = Uy, UL, (B.16)

where Uy, U, are the unitary matrices (U,U}=U, U} =1) defined by

1 0 <1 0 >
U,= , U,= R (B.17)
! <0 exp(y},—)) N0 exp(y,)
with
0 —fm») < 0 pm:)
) — - ? :4 . B

We note that (i) the matrix U, commutes with 8, v, and 7,; (ii) the matrix 7}
depends solely on #,, #¥; and (iii) the matrix r; depends solely on p,, p¥. Making
use of Eq. (B.16) and (i), we rewrite the traces standing on the RHS of Egs.
(B.13)-(B.15) as follows:

rg{ Qr' Q1Y) = trg[ (cos U L, Uyt UTu, U,
+2sin U L, Uyt Uu, U sin 05,730, + (cos 05, 720,)7], (B.19)
trg[ (1 + QL) " I(1)(1 + QL)' 1,(2)]

= —strg[(1 +cos 0) ' sin U it, Upk U u, U1 + cos 0) ' sin Gk v, ],
(B.20)



36 PLUHAR ET AL.

trg[ (1 4+ QL) '"L{1)(14+ QL) ' 1,(2)]
= —4trg[(1 +cos ) 'sin QU it Ulkty), Ulu, U1 + cos g
x sin 0¢,(kt4), v, ]. (B.21)

The calculation can be greatly simplified by using a trick introduced in Section
4.1 of Ref [5], which involves passing from the SU(2) commuting variables
specifying u, to new (primed) SU(2) commuting variables specifying u5 defined by

wy=Ulw,U,,  iy=Ula,U, (B.22)

with u, being the same function of the variables ¢, m', mi| as u, is of the variables
¢, m, m,. The new commuting variables m, m| are functions of the old commuting
variables m, m, and of the products #,#,, n¥n¥, p,p,. and pfp¥. The Berezinian
of this transformation of variables i1s equal to unity. For simplicity, the primes will
be suppressed in the sequel. We note also that the traces depend on the anti-

commuting variables only via the matrices u, and y,. Furthermore, the exponential

symmetry breaking term depends only on the anticommuting variables 5., n¥,

P2y P3
trg(Qr*Qr?) = trg[ (cos 0,7} uy)* + 2 sin Oity ) us sin 05,7 )¢,
+(cos 0521202)2]
=8(sinh? &, + [z]%sin? 0) + 64(4.n%* — pap¥)
x (cosh? @, —cosh @, cosh @, cos 8 — |z|? sin” §)
—64[n,p, cosh O, sinh 0, sin 0z* exp{ —{(¢ + y)) +c.c.]
+64[n,p¥ sinh 0, cosh 0, sin w* exp{ —i{¢ — y)) +cc.]
+256n,n% prp¥[cosh® @, —cosh? O, + (| w|?> —|z]?) sin? #]. (B.23)
Thus,
exp{ —§ 1 trg(Qr'Q1")}
=exp{ —2(sinh” 0, + |z|* sin> 0)}
x {1 —161(n.n¥ — p,p¥)(cosh? 8, —cosh @, cosh 0, cos § —|z|? sin” 6)
+ 16t 1, p, cosh 8, sinh ¢, sin § z* exp{ —i(¢ + x)) +c.c.]
—16¢[ 1, p¥ sinh 0, cosh #, sin 8 w* exp( —i(¢ — 1)) +c.c.]
—64tn,n%¥ p,p¥[cosh? §, —cosh? 8, + (|w|?> — |z}?) sin® O
+4t(cosh? 0, — cosh 8, cosh @, cos 8 — |z|? sin? §)*
+4¢sin® 0(|w|? sinh? 8, cosh® @, + |z|* cosh® 0, sinh> 6,)]}. (B.24)
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For working out the integral, only those parts of the source terms which, on mul-
tiplying Eq. (B.24), yield terms of the eighth order in the anticommuting variables
are of interest. The explicit forms of these parts are as follows (¢p = contributing
part):

trg[(1+ QL)' L(N1+ QL) ' 11(2)]
= —burg[(1 +cos ) ' sin G,k uy(1+cos ) ! sin Ok, v, ]

C]

—F— =32, pr (1 =By + 8pap¥)
x [(cosh?® &, + cosh? 0, — 2)(cosh #, + cosh 0,) >
+sin® &(1 +cos @) ], {B.25)
trg[(1+ QL) ' L)1+ QL)' 1x(2)]
= — 3 trg[(1 +cos 0) ' sin Qity(kt*) us(1 +cos ) !
x sin 08,(kt'), 5]
— P, 32y, n¥p, pH(cosh &, +cosh 8,) "' (1 +cos §) !
x {1 = 16m,n7F )1 + 16p,p¥)cosh ¢, + cosh )
x (1 —cos O)|w|>—|z]%)
+(cosh ), —cosh 8,)(1 + cos O)
+[161,p, sinh 0, sin 0z* exp( —i(¢ + x)) + cc.]
—[165,p% sinh @, sin Ow™* exp(—i(¢ — x)) +c.c.]}. (B.26)

Using Eqs. (B.24)-(B.26), the desired leading part of the integrand (ie., eighth
order in the anticommuting variables) can be found. This part is independent of ¢
and y, and its dependence on the SU(2) variables 1s carried by the factors
x"explax), where a=tsin’f and x=|w|>—|z|°. (The index » ranges over
n=0, 1, 2 for the source term of Eq. (B.25), and over n=0, 1, 2, 3 for the source
term of Eq. (B.26).) The integrals over the anticommuting variables and over the
angles ¢ and y can now be easily done. In particular, the integration over the SU(2)
parameters can be carried out with the help of the formula (Section 4.2 of Ref. [5])

“ n 1 h
J ffFl ety = 117 <SIn (l) ( B27 )
da a

for n=0, 1, 2, 3. Having performed these integrations, we finally obtain |S,,|? in
the form of Eqs. (5.1)-(54).
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AppEnDIX C

GUE Limit

We begin our discussion of the GUE limit (r — o0) by outlining the derivation
of the integral appearing in Eq. (5.6). For |S,|°, the contribution that survives the
large-7 limit in Eq. (5.2) comprises the term whose coefficient is 47, but upon

neglecting the exponentials e 2! =), je.,
[ r+1 =3 x 1+4 M 2 1—4 A2 -'l-/".2 —27 4143
SiP ~ =| di| di| di, A - } 2,
151 szf,l AJI If, A‘<ﬂ.1+22> ¢ [1+A (Ay+42) | A
(C.1)

For ¢ >> 1, this integral is dominated by the region 4, ~ 1. Thus we write A,=1+1-,
so that

()—Z/lzgfl)ze--4t:(l_2[-_—2+ ) (C.2)

The rest of the integrand should also be expanded in powers of z, retaining only
the lowest order contributions. This is equivalent to the remplacement A, — 1
everywhere, except in the exponential on the RHS of Eq. (C.2). We note that

A~ (b — i) (C3)

Ar—1

The exponential integral over z can now be trivialy carried out, and we obtain
exactly half the integral expression of Eq. (5.6). The contribution to [S,|? in Eq.
(5.4) that survives the large-r limit consists of the terms with coeflicient 4¢, upon

-2

neglecting the exponentials e ~>*' ~#"). This can be simplified to

+1 o Ee 1+ 4 M 2 1 22(/1 — Ads)
SiP ~ 4| ar| di | di THAETD R
15,17, >, f_, f, lf, h<z,+zz> ¢ A1+ D) (A +2s)

(C4)

To extract the large-¢ limit completely, the procedure used above for |5,/ can be
employed; namely, we write 1, =1+ z and expand in z, except for e ~*. This also
yields half the integral expression of Eq. (5.6) and, hence, the result is established.

To now evaluate the GUE integral of Eq. (5.6) analytically, we first cast it in the
equivalent form

+1 X l-f-/{ M 1 1
— 2=2 bl - T .
ISGuel L] d‘f, d’11<1+,11> A=A (A+1)01+4)) (©3)
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Then we make the change of variables

_l—w
T 14w’
(C.6)
_1—w+ b&
17 +w 14w
The corresponding Jacobian is given by
(4, Ay) 4
HAMLRAS S P S T
ax,w) (1 +w)? (C7)
and we also note that
i _ 1+w
=24 2x
1 (14 w)?
= . C8
(T+A1+4) Hl1+x) ( )
1+4 1
144, 14+x
Putting all this together, we obtain
P — s X 1 1
‘S(;UE’-—_—JO dx J;) du—\‘(]——}-—;_)TI:T:X/[— (CQJ

GOFE Limit

To bring the integral in Eq. (5.8) into the form that appears in Ref. [14], we
apply the transformation

A=1-=2u,

Arv=[(1+pu N1 +u2)+;tl,uz+2\/,ul(l F ) sl 415014 (C.10)

fy= L+ i)+ o) + 20103 = 2 /(U ) (0 + )],

after re-expressing the non-compact integration in Eq. (5.8) as one over the
triangular region /,<A, <o, 1</A,<o0, so that 4, —4,20 everywhere. The
associated Jacobian is given by

O(4, Ay, A5) My — Hoa

= , (C.11)
O, gy, 4t2) \/,u,(l F ) pall +us)
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and we note that
R=4(p 4 W+ ps) (C.12)

This allows us to write

SN
IS] =§j0 du

) M

j"' du J" ity —— [ﬁl};ﬂllﬁ_— (1—u
o o S S ) o1 ) DO+ )+ 1) 97

5 al—p) [ 2 1 1 }
(P () [ 1= T4y 1 +us]”

(C.13)

which agrees with Eq. (8.10) of Ref. [ 14] for a # b, after setting T, =1 for all ¢.
We now show how to evaluate the GOE integral exactly. With the help of the
identity (D.18), the GOE limit of |S,, |2 as given in Eq. (5.8), can be written as

—— +1 s . s . l_’_i M
‘S(i()liihzzj 1 dﬂ.Jl da, j] dA, <i I >
1 2

1-1 1 (1402 A, —2)
- s _ = 14
“T, +;.2)2.A P } (C.14)
Further simplification results from observing that
o /1 24,4, —4)
— = |=— Cl15
7 (3= s

in which case

a1 x e 1_}-/1 M+Zl~—). 2 1 0 1

S 2= i ] 2, # i\
[Scoel J,,l ‘]AJI dAl_ll d ~</1|+’12> 1+)[1+}..%+a/1 <%’)}
M+21

a9 1= A7 o 144
_ ; S (M—1)—2 : Y - (C16
f,. d‘1+z[l ( 1)1+,J JI d"‘I. d’“(z +,17> 2 (C10)

1 2

after an integration by parts. .
Next, we make the change of integration variables (4,, 4,) = (4 a), where

A=1+30=1)1+a),

- (C.17)
lr=1+1(A=1)(1~a),
the associated Jacobian being
0. 4y) 1 -
tnta) _Lis ) (C.18)
Hra)y 2
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Then
lS lz_l‘.+ld n+ld/l L_ (M 1)[: = {i<l+;,>‘”+2}_~-l C19
GOE —2~ | OLJ,,I 144 J1 a l+; P (C.19)
and we have
A== = (1 +0i—- 1) (1 —o7) (C.20)

We are now in a position to implement the change of variables on the pair (4, )
given 1 Eq. (C.6) (with A, replaced by A there), followed by setting w = x{] —r).
This leads to the representation

e Li(x) ke xlh(x)

o= AL pM— ol .
'SG()(} JU v (1 +.\‘)M+2 (M ])Jn dx “ +'\.)M+- (CQ])
where
1 "y o
1 X)= d dﬂ R
i) f() aJO L(I—l’)(.\‘+l+z')+a'l"
1 | o (C.22)
el —v
Lx)=| dx| dv ————— —
)= [ e T e
The a-integration can be performed to yield the expressions
H(x)= f] dv ! arctan d
)= / .
0 I—o)x+1+v —o)x+1+r
I =o)(x ) S =) ) .

ol B
Lh(x) =J dv /(1 —v)/(x+1+v)arctan ¢ .
0 (1—v)x+140v)

The integrals in Eqs. (C.23) are easily done for the special case of x =0 and give
the results /,(0) =n"/8, /,(0) — 1,(0) = 1. For general values of x, we can proceed by
making the change of integration variable

X X
=(1-2)-2 C24
o=(1-3) -3 (c24)

and introducing the quantity

X2
Y

B (C.25)
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Then we obtain

1 u—2_

= arctan =
\/l —u” 1 —u”
(C.26)

al
I,(_\')z' du
Iy

x\ ¢! I—u u—p
ll(.\‘)=<l+-> du .
2 J/f JI—u? J1-u
The derivatives with respect to f# have simple forms:

g’/_l__ In{1+f)
g~ 28

_ (C.27)
dl:: _l—ﬁ{l_ln(l +,b’~)}
dp 2p B
where we have introduced
L(x)=Lx)/1 +x/2). (C.28)

Now, after some integrations by parts, we can write

s LO=L0) 1 Bix)
[Scor "= M1 +M+IJ0 dx (14 )M+
L= D) M—1 = Ty(x)
T2l B Ao '+2(M+1)£) x(l+.\‘)“"+’

:M1+ i +J01 dﬁ(i ;@M i i[)’[ B lﬁﬂg)}

! []—‘fé<l———ﬁ)ml{1—/x~h‘“—+/ﬁ]. (C.29)

+ -

2AM+1) 4 f 145 ]
After noting that
1‘*/3 M 1 _ 1 i 1_/}>M+1
<1+ﬁ'> (1+8)° 2(M+1)dﬁ<1+ﬁ (C.30)
and
d In(1 +,3);|} 1 [ In(1 +’B);l
" -y =g 1| C.3l1
d/f{( *’”{ 3 Gl1-p—= (31

and using this to perform a further partial integration on the first integral on the
RHS of Eq. (C.29), it becomes clear that the two integrals in Eq. (C.29) cancel each
other, leaving us with the desired result of Eq. (5.8) in the main text.



FROM ORTHOGONAL TO UNITARY SYMMETRY 43
APPENDIX D

Preliminaries

If we re-express # in terms of the variables (x, w, z) introduced in the previous
appendix, and then make the further change of variables (i, z)— (¢', Z'), where
w=rx, -=2xz", we obtain the form

4x?
R=—""—DNZ), D.1
1) oz (D.1)
with
DX )y=("+ 14exz')y —4(1 —v) (D.2)

Now, in the large-r asymptotic expansion, due to the exponential factor
e ¥ =¢ ¥ the significant domain of the integration is confined to values
xz' << 1, and hence vxz' << 1 (since 0<<v<1). Since also ' >0, we can always
make the replacement 1 —ux'z ~ 1 in our expression for D¥(z'), valid for large +.

Thus, we have

DXZ') ~ (' + 11 —4(1—0) =D (D.3)

>

We introduce the notation D, (z) = DY(z), and also note that one can write D,(z) =
(z— 1)+ 4z

Likewise (in view of xz’ << 1, vxz’ << 1), we can make the following identifica-
tions and large-s replacements:

2x
/”_l}.z—).=l+\m_[l+(2~v)x:'+:’]
2x
~ 1+ ), D4
re 0 l_|_lax( + ) ( )
2-.
/)q—},—;ﬁ\?*[lwﬂu’*:’]
2x
~ — 1—-=2"), D.5
== 1 1+U\'( ) { )
] 2'\. ’ ' ’
A:—).).l =m[21(1 +x2)+ex(l +oexy—-1+:2 ]
2'.
Y Qu—Tl+rex+2). (D.6)

ey (1 +ox)?
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We should note that, in these combinations of the A’s, it is not justified to simply
make the substitution A, =1 (ie, =" =0) in the asymptotic expansion, even when
only leading order in ¢ is sought, because it is not necessarily true that the signifi-
cant integration region is confined to =’ << 1.

The following result will be used extensively in the subsequent discussion:

Suppose that f{.x) is a function such that f(x — o)~/ (x) = Cx". Then,

(1) if v< —1, we have

i fx) b .
JO (IXWI;I ;L) d.\‘./(.\‘); (D7)

(1) if v> —1, we have

[ e S0 [y L) (D8)
0 0

(~\‘(1+.\A)M+1,;‘ x(l_’_x)MH;
(ni) if v=—1, we have

e fix) Lfer 1. . C J1)
JO a’xm,;n;“() d.\f(.\)+£) {./(»\)—;}LC{“”—ZIM- (D.9)

i=1

It is useful to note that with f{x — o)~ Cx ' and f{x) of the form
flx) = f d=e *g(z), (D.10)
0

in which case we must have g(0)=8C, Eq. (D.9) reads

¥ v ‘o - Lol -\ M
| d.\»(_f‘L ! %, ¢1:5(i-’+j M+8C[ln 8/ +iny~ Y EH
0 S|

l+v\')‘”+">:'é_1 - 0 -

je 1

(D.11)
where y denotes Euler’s number.
It is also useful to define various functions for later convenience:
! 1 1 [+2\°
o=l dv—=--In| —] | D.12
&) JO “D,(z) 4:“(1—:) (B12)

by
N

and we have g,(0)=1, g(z—> )~z

1 ' —z)? =\?
ao=] do =] {1*(1 2) ln(t:) } (D.13)
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and we have g,(0)=1, g,(z > o)~z > Finally,

U B L
cor=[ (]

Here we have g4(0) =1, gi(z > o0) ~ 2% Various integrals involving these func-
tions can be established. These include

s : e o : i _7:2 ” _g](:)#l_

J, eeiz=] dgln =T, |, = m—=0. (D.15)
Also,

. ol -y s lod

J d=g(z) =1, jd:&(—"}—lwtj dzﬂi—)zA%. (D.16)

0 4] “ 1 Z A

Large-t Expansion

We isolate from the full expression (5.2), four distinct contributions to the O(s ')
term in |S,[*:

+1

L=dr| & J] di, j. i, e H(

142 )J"“ PR
A+ s

X{H(lw.)u,iz—,i)}
A ’

Alzj‘nﬂdi (I di, J

1 “1 |

1d/130 2008 n<;:j )M+2———1 3 {l+—‘—————~—~(l+i)ul,{2_i)
1 2

~2 ~ D -2
l -/ =77+ 43

7 (D.17)
| o ~ 22 1+;' Mz l

_ R N . Wy -
31—4’J l dAJ[ d/tl}[ dise (1{,4—/13) (l-{-/ﬁ)3

£l

x( | +£l +)»)(;)’~2‘/1)] (1—A2—i2je 20 A

.+ ] s L 5y 42
C, =' di ' di, ' diye 72 U
L bl | !

<l+/{)’”“ 1 Ad—4
A+ Ay 1+ &

“ A ) ;2
X(1 = A7+ 2] —2d)e 0 ),
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The quantity L, contains the term of leading order in ¢ ', i.e., half the GUE limit,

and it can be seen to be equivalent to the RHS of Eq. (C.1) upon making use of
the identity

(D.18)

1—4 23+43-2 294 1+(l+it)(/1|/13—}1)]

1+4 0 (4, =4 (1 +;.)(Al+;.2)1[ R ’
We need to expand this term to first order in ¢~ ! The integrand of 4, comprises
the terms whose t-dependence resides in the common factor of exp[ —2#(A3—1)].
This contribution is non-leading, and its large- limit will yield a term of order
O(t '). The integrand of B, comprises the terms whose -dependence resides in the
common factor of 4t exp[ —21(A2—1)] exp[ —2t(1 — 4?)]. This contribution is also
non-leading, and its large-¢ limit will yield a term of order O(t~'). The term C,
would appear to be of higher order in r ~'. However, because of the singular nature
of the factor # 2, naive power counting does not apply, and C, does in fact con-
tribute at order O(¢ '). There are four analogous contributions to the O(t ') term
in the expression (5.4) for |S,|° given by

1 > . R M+ 1 22 Ay — A,
AR ANAN 21()-&*)( 1”) 2 by
. |

—1 1

A+ 4y (1+4)2 #
o1 . £ B 1+,1 M+ 1 I
A,= M 2 26(A; — 1) e
5 J,l dAJ] dA,L dise <;L|+/iz> T+ )77
2 20 s 5 2235(4) + 44)
><{4/13-/11—223+;(1—/L‘)(/tllz—/&)},z—f‘r_;_}L ] (D.19)

+1 A Pa 5 1+A M+1 1 1
= s, — 20025 — 1
B2—4t~f7l d/ljl d).ljl diy e 74 '<)v1+;12> a 5—

X[((A—AA A3+ 22— 1D)] o=

C.=| j‘l az | :‘ di, J;

73

8 2
d/]'z e—Zl(A:-l) (

L Yt
Ayt 1+2 R* ‘

One deals with L, and L, most easily by combining them into L= L, + L,. Then

+1 x o 5 l+i M+2 /12
=4 7 d , —2t{A;— 1) 2
L ’j_. d L di‘fl #2€ <Al+12> TEE

+4tj-+|l diJ‘l‘x a4, Jlx dlzt’*?"i?ll( 1+4 >M+2( i3

2
o+ Ay 1+4)7 %

x [(A — A2+ 24, + A4y — A) — A4, — 1)?]. (D.20)
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Next, we write L =|Sgyg|* +JL which isolates the part that is zeroth order in ¢ '
To extract 4L, which denotes the contribution of order O(r ~'), we must expand the
integrand, save for e ~*“, to first or second order in z =i, — 1. We shall split the
result of the expansion into three components, 6L =JL'+JL" + L", where 6L’
represents the contribution from the first term on the RHS of Eq. (D.20), dL” is the
contribution coming from the expression in square brackets in the second term on
the RHS of Eq. (D.20), and JL" denotes the rest. Then we have

+1 >4 1+/"' M+2 1 -
L=d4| | a R
o IJL] /Jx l<1+)-1> (1+,{)3J0 @e

x[—zr:2+2z~(M+:z> }

1+ 4,
1 oL X 1 A X 1
- v e M [ v [ e (140
161[2L d‘(1+x)M+2L de—(M+2) [ d‘(1+.\-)‘"+3f0 l“*”)}
11 2
— = . D2l
lér{M M+l} (b2h)

Next,

i1 - - T+ ANM*2 | 274, — ) =222
srr=ar [ di| di, [ dze Rt 4= 4)
-1 1 0 (

1+, [+4)° #

-« x‘.’ a1 -
’;l4rj0 d'YZI_:;—— dv (1 +v.\).

>3 2z — ~2
., — 8z 7 -
SEERA dze

0 D (z) .

(D.22)

The contribution involving z? is non-leading, being of order O(In t/¢?), while in the
rest we can set D (z)~ D (0)=1 by virtue of Eq. (D.7), to obtain

577 L= 1 L -
oL ,;IQJO d—‘wfo dv (1 +uvx)

11 1
= . D.
16:[M+M+1} (D.23)

It is convenient to split L™ into a sum of two terms SL” =d0L}" + LY. For the
first term, we write

e L4ANM2 1
oLy =ar | | d;.jl d).,JO dz ¢ (—L>

1+ 4, (1+i %

x [ —2t:2+2:—(M+2)l—+:7} (A=A +2(1 + A)(A, — )] (D.24)
1

59524314
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Due to the presence of the factor 4, — 4 in the numerator, it is safe here to set
A ~._o(A —4)? for large t. This results in

1 ! x 1+A\M+2 1 2(14+4) M+2
SL" =— di dA 1 1—
: 4!-[71 Jl Al<1+ll> (1+}~)3[ * '11—/1“ 1+/{1]

1= x+2 1
T 161 xmmjg dv [2(1 +x) — (M +2)(1 +vx)]
I ' 25
l6f[ +M+M+l} (D.25)

The remaining contribution to éL" is given by

+1 o oL 1_*_}" M+ 2 1
oLy =4t dA dl d-e 4 . S——— AT
2 JA L 'L ¢ <1+A) (1+xw[(‘ A)
+2(14 A4, —2)] -1———1—— (D.26)
B ANVt '
Using the relation
(A —A) D.(Z)y—1+2vxc
LR R sl A Ml D.27
-% > 1 Dp(:,) ( )
we find
x X(x+2) ! x e 1 2vxz
SLY ~ 4 dx ——— | dv dee ™ 8 | [ ——— 1 | =i
czf] el el e (G5
=dL%, + 6L%5,, (D.28)

where the two components pick out each of the two terms in the square brackets,
respectively. In JL%,, we are allowed by Eq. (D.8) to set D (z)~ D (0)=1, and so
we obtain

oL%,

~
T 8

S
:_EJE+M+J' (B-29)

1 = x+2 !
Y | dvo
tj() Y(l +x)1ll+2j‘0 vy

The component dL%, can be expressed as

S(tx) f““ PRVALLY, (D.30)
0

éLzazL dx(l b, W

+x)M+1
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where

S=ax [ e M a1 3, 3 (D31)

In this case, Eq. (D.7) implies that

SLY ~ gfx a’xf(x):—lfxdzgl-(:)z——l. (D.32)
[0

(>1¢ 8t 1o z

We see from Eq. (D.15) that §L%, vanishes up to order O(¢ '), and consequently
only dL% survives in 6L3. Collecting together Eqgs. (D.21), (D.23) (D.25), and
(D.29), we obtain
. 1 2 1
OL{;[I—&[—Z-F'A—J—W}. (D.33)
To extract the large-t hmit of A,, we proceed as above by writing 4, =1+ - and

expanding the integrand to lowest order in z, except for ¢ =%~ and the combinations
in Egs. (D.4)-(D.5) which are kept intact. But first we re-express 4, as

c+1 . * 2 14+ A \M+2 1 (1+/1-)(}l/17_}‘)
_ . s 21 2
A,_Jil d,ljl (IAIJ‘I diye <2|H2> (1+i)3[ o +1
y [ 2254y —4dy) IJ . (D.34)
#

It is now convenient to write 4, =A'""+ A" + A{®), where 4"’ denotes the con-
tribution to 4, as given above, involving the factor 1/#”. So, we have

+1 o o 144 \M+2 1
o di 2 - —4uz
4 11 JL] /"fl dAlJo d=e <1+l,> (1+4)°

l o X 1
= —— ——— e d?
8:L (1 +x>“+2jo ‘
:_m[_-ﬁ_} (D.35)
Next, if we note that by Eqgs. (D.4) and {D.6) we can make the replacement

B e-D+x], (D36)

202 =20) = (L 4+ WA A= A) T +ox)?
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then we have

+1 o 3 1+)' M+ 2 1 1
(1 . 3 ] Az [ T -
A e~ ‘[71 d/tfo dAlL dze (1+2l> eI,

X [225(4y — A4} — (1 + A) (A4, — 4)]

- X g =1 +ux
,;IL dx (1+\)‘”’j< de Jo dz e D (z)

.

1 1 ;
=1, dXWL dv [2(c—1)+vx]

1 [1 3
_E[H'MH} (D37)

The observation that

2ky—ihy) 2 /1
= T — 38
A 04, (%) (D.38)

allows us to express 4{” in a form that is amenable to integration by parts. It
is convenient to do so in order to avoid the emergence of singular integrals

(convergent only as principal values) in the process of reducing to the large- limit.
Accordingly, we write

APz ] ] ] ""’m< l H) 4‘12_”%6)
e 1
,;1_Jj, d/tJ\ dAlL d-e - ( +A> 1+)

Al —4A 1 } ﬁ
x{4t[ 7 —ﬁ——)’]_)l—(l~4z_)‘%}

=A“2*"+A(12b'. (D.39)

Let us first deal with 4!*'. We can write this component as

d\ -
A(Zbi 1 i A( 40
< +’d1> ) (D.40)
with
1 T+2\M*2 3, 1
AP =| dr| di) 4 —4"< ) L
j j 'f 1+4 (T+2° %
1 ” -o———-l ” — 81xz 1
1;;[5‘[‘0 dx (1 +. )’l/1+2J dl'[ — ) \+1]J dz ¢ _D—,?) (D.A41)
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Now, the leading contribution to the term involving (2 —v), which is of order

O{¢ '), is annihilated by the differential operator in Eq. (D.40}. In the rest, only the
logarithmic term, whose presence follows from Eq. (D.9), survives. Thus, we obtain

1 d\ - 1 -
A(:b) ~ = 1 d-. fog — 81z -
! 1>>12< +tdt>-"0 \(1+.\')M+2£) dze g]( )

i <1+td>1nt
=116 dt) t

1

- D.42
161 ( !
Finally, we have
1 . . l+j. A+ 2 ) __A l l
Alla) ~ —4 d" dﬂ d: > 4z > ! 3| T 71 a2
S RL, 4L "L ‘ <1+z[ (1424 (4 —4)
(D.43)

With the help of Eq. {D.27), this can be reduced to the form

.Ikekiclﬂ—Q—hw}(DM)

AP~ —4rj1d.\‘——x—rdv

11 0 (1+.\')M+2 0

Y0 D(z) D (o)

One should note that this expression for 4{**’ has a structure very similar to that
of 6L% in Eq. (D.28). and an almost identical analysis leads to the result

o L1
1 =1 16t M+17

(D45)

Adding together all the contributions to A4{*' and combining this with the results
(D.35) for 4% and (D.37) for A", we see that

1 1
() D)

To extract the large- limit of 4,, we also split it into a sum of regular and singular
parts 4,= A"+ A, where 4" denotes the contribution to 4, in Eq. (D.19) that
involves 1/4". Then

~+

Anzll:’

1 o "
le‘%J

’ d? ()—zu,:g, 1,< 14/ >M+| | |
Ly (

A+, 1+A)y %
X {22,[(1 =A%) — (A, = AT+ (1 + A0 A 20— 2} + 245(1 — 2,)}
‘44_,la)+Al’lb)_+_A(’ICD' (D47)

N
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where the three components pick out each of the three terms in the braces, respec-
tively. The first component yields

+1 o - L+ AN+ 1 (1= — (4 =4
{la) ~ L, — Az
A5 1»12er di L dA, L dze < > a

1+ 7, + Ay #
" —L__ N y N “ 'y, — 8IxT __l_
’;‘Jo d\(l+x)““-“ dv [(2v— 1) +vx] jo dze Do)
1 1 1
~ e | —— —— 48
> 1 l6t{M—1 M}’ (D48)
having set D (z)~ D (0)=1 by virtue of Eq. (D.8). With the aid of Eq. (D.5), the

second component gives us

+ L+ANMST 1 jp, -4
L — 4z 2 !
A5° />>nf dij d’tf dze <1+A,> A+1)7 7

- -__x—_. - ¥ —8Ixz - ! . 1
';l_L dl(Hx)““L dze(1 ‘)Jo d”D(:)' (D.49)

¢

The term involving z is non-leading, being of order O(In t/1%), while in the rest we
can set D (z)~ D (0)=1 to obtain

L1
ATY .
o M (B-50)

The contribution from the third component 44’ is of higher order O(In #/¢*) and,
hence, it is discarded. On combining the three components, we obtain

1[1 1
(1) —_—
= r>‘>l‘16:[M+1+M] (D31

Taking account of Eq. (D.4), we have for 4%,

1w = L4\ 1 —Ad A, — 4
A2 o 2 di di Iy o~ ¥ 172
2 [ j‘~l AJ] Alj‘o d ¢ <1 +)~|> l+A QZ

- 1 * —81xz - ! 2U
/;IL dxmfo dze "™(1 +_)j0 dr Dz (D.52)

We express this as

a9z, e s ] e (D53)

M+1 (1_'_\ (1 L M+t
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where

2 1
fix) =] dze ()~ o

x— o 8x’
: {D.54)

x :‘x (8{\')2'

Sfolx) = f(; dz e ¥ zgy(z)

Then, Eq. (D.7) applied to f>(x) and Eq. (D.11) applied to f,(x), together with the
integral identities (D.16), imply that

s I 0
AY g +1n81+1ny Y -l (D.55)

ji=1

The full result for 4, is obtained by adding Egs. (D.51} and (D.55).
The sum B = B, + B, can be simplified to yield

B=4leldﬁ d)f diye "*5“e‘z"'"-”(AI:D‘w”(’;'t;)z————l_Zfig
I R O BT
> —8tJ;) dt(-IT—M;—,J- dle’s’“(l~v)J~01 d:e’g"‘:b—rl—:)

_ éo J‘O" d-"ﬁ%%ﬁ’ (D.56)

where we have used the fact that only values w=vx << 1 are significant for large ¢,
and we have found it convenient to introduce

* 1
aer o L
0 v 8y

el X 1
. x)= —8x ) —8xv - —8xz - ~ _ D
fi(x) S\JO dve L d-e [“—Dv(l') 1} TR (D.57)
r * 1 1
LY - « o — 8xe > — 8xz ~ .
Jolx)=8x JO dv ve fo dze D) e ——(8_\‘)2
Application of Eq. (D.7) to f\(x) and f(x), followed by the x-integration, results
in
¥ /‘l(,x) 1 al ~r ] l: l
dx ——— ~ ——| dv| dz----=|—-—1|= d- g,
fo TSI EaNes Sfjo o N e D.(5) 16tf £:2),
Sfoltx) I ! 1 (D38)
.o -)(IX X v
YN ——— A — ) d’-*————.——_ Jo
jo d\(1+.\‘)M+l'>>‘8f-[)dLJ‘0 (v+z) D (z) 16IJ. 4z g:(2).
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These two contributions cancel out and leave us with

ol

1 A
,;xJo AN s e ‘g{lnSan y= 2, } (D.59)

y=17
according to Eq. (D.11), having noted that in this application g(z) = @(1 — =), with
© denoting the Heaviside step function. We note that B cancels the non-analytic
term in A,.

We combine C=C;+ C, and note that 1 — 2>+ 17— A3 = — A +22,(4, — ik,).
Then we decompose C=C'"+ C'*’ according to the power of # ' that the
contributions involve. Thus, we have

crl e O B 5 . 1 y) M42
CHJtJ d/tJ (u]J diy e 32—, -2 /.->< + )
1

7 | ‘ Ay+ s

o i) J';‘A’ (D.60)
[1 dA, .[ diy o= 21N 2001 ,<Al|:: >M+2

(li e )aiz<§1}>- (D.61)

The term C'" is clearly of higher order in 1/¢. To evaluate C'*, we first integrate
by parts in order to avoid the appearance of singular integrals, as in 4'?'. This
yields

+1 Py 5 ; Af +2
CiZ) ~ dAj d)ﬂ d- (,741:0721(1'—/.-)(1-’-» >
= o 1+ 4
A 0 /1
—— (44> | =
ST ”az(%>
~ dAJ. d/t - dz e~ ¥p 201 = 2
1> 0
1+ A\M+2 A A =4 1 A
s 4 4 —_—— — (1 —41z) —
x<1+21> (1+2)2{ '{ R ;.,—;.J ( 1).’%’}
=C' 4 ) (D.62)

Making use of Eq. (D.27) gives us

Ctzd)’;] f dx (1 1+31Y+7J‘ dv 73;MJ‘ d- e /xr\_{,ﬁ(w

T Jx) Lew o Sl
';‘fo DTy oM 2, H g (D63)
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with

Jix)=8x Ll dve ‘

Y0

. I 2
d: LA [ _ 1:{ ~ —. D64
¢ D () oo (8x)” ( !

Then, using Eq. (D.7) and performing the ~-integration, we have

2. 1 1 s l 1 1 .
C'—d) ~ d fo —1,,__1 — 1: y (7). D65
= 16’f0 lJO « (L‘+:)'[D,.(:) } 321.'0 ez )

For the component C'*®, we can write

1= 1 4x -
2 . A
™ s _f d-\[(l+-\')M’2+(l+v\‘)“+'} Jo dye ™

1

r - s gy~ BINZ
xJO d= (1 —8txz) e X} (D.66)

The second term in the square brackets is non-leading, leaving us with

C‘lb’,;]fo d\(li—(\t;‘)ﬁ (D.67)
where
f‘(,\')z—ljldve""""jfd:(l—8.\':)c*8"': Lo L pes)
' 27 0 D (z) == (8x)°

Hence, after appealing to Eq. (D.7) and carrying out the x-integration, we obtain

1 -t EE v 1 |
CPh oo ———— | dr o S i~ o.(-). D.69
S el e pE T T, Eee (D)

We see from Eqs. (D.65) and (D.69) that C'*’ vanishes up to order O(¢ '), and
therefore C provides no contribution to the final result. All the separate com-
ponents can now be combined to give

| M

OL+ L (A +B+C) >~ amT

J=1

(D.70)

which leads directly to Egs. (5.10) and (5.11} in the main text.

Additional Remarks

The double integrals which appear in Eqgs. (D.58), (D.65), and (D.69) can be
easily performed by making the change of integration variables (v, )+ (T, )
defined by

iz (1—-7)z

N Ll D.71
1o e (D.7h
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Then we have

~1 ¥ =
- — [ A
dz = | deU o

DAz
“(“) 3> (D.72)
1 +§%)-

The result used in the text follow immediately.

ApPPENDIX E

In this appendix, we outline the expansion of jS(,,,l“ in the limit of large M and
/, subject to fixed ratio 1/M. With the aid of Eq. (D.18), [S,, | can be brought into
the form

3 ] o+! R A 14+41\M i
1S _5L“M. dMJ] d’”<zl+zg> PR

) P (11/12_;1)[7: a1 24145 —A) g, PP
{[h)*‘/'f‘ :%)2 +{q0+%+ :%2 s (El)

where the p; and ¢, are rational functions of 4, 4,, and 4,. After using

0 <_1_> =2(i,iz—i)

= s (E.2)

we integrate by parts with respect to 1 and obtain

5 1 p+! LHANM L e, O
ISl =§J‘k1 CU. d) f di, <Al+} ) w[ 2i43 + Ge A 1, (E.3)
where
S ap, M
D=Apo+p,; T 15aifr
v (E.4)
- q
g=ARAqy+q, _0—}.7__1 ny) q,—4t2q,
The surface term arising from the partial integration vanishes, since
PAA=0)+g,(1=0)=0, (ES5)

even for |S,|? and |S,|? separately.
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In order to obtain the integral in the limit M — oc and 7 — oc for fixed ratio /M,
we use the fact that in this limit, the main contribution to the integrals comes from
the region 4, 4,, 4, 1. Therefore, it is convenient to introduce a scalar factor r and
new variables of integration x, x,, x,, according to

r=1r/r, M=M/, (E.6)
and
A=1—rx(1 4+ 4),

Ay=1+rx(1+4)), (E.7)
A=V +rx,{l+4,),

after which the expressions can be expanded in powers of r. However, there is a
complication. If we choose 4 =4, =4, =0, then we obtain

A =rAy+2r'xx, x, (E.8)
with the homogeneous polynomial
Ay =x2+ X7 4+ X3+ 2xx, + 23X, — 23, x5, (E9)

The last term in Eq. (E.8) makes the integration unpleasant. Therefore, we choose
A, 4,, 4, such that # =r>#, holds up to the desired order in r. With

Ad=oarx, + ffrx,,
4, = —arx+yrx,, (E.10)

Ay= —frx+yrx,

such that « + 8+ y = — §, one then has # = r*#4, + O(r*), which is sufficient for the
calculation of the leading order and next-to-leading order terms in |S,,|*. One can
easily find the higher order contributions to the A’s, so that the relation # = r*#,
is fulfilled to higher orders in r.

With these substitutions, we obtain

i

1 1 M ’ M
1n<4 +’> M a1+ =0, + 0] =2 (v x, £ a0+ O, (ELD
Ayt 4, r 2

so that

3 M
< 1 + 4 ) e —2!(}.%—7 1) — e¥;11.\'7/11.\'1 -~ pH2N2 exp(kp)’
(E.12)

— 2!().3 S AN X LX) — X .
e 2 =¢ exp(k,).
At 4, ¢
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where k, and k, are of order O(r'), and

H=M'2, H=M'j2+41. (E.13)

2 r [ [ e )N\ TN (AR %] p (AT (SIAY N2 (I
zs‘,,,|~=—J dx | dvy | dgle o e Do e e B g
0 0 Y0 Ao Ay

p=pJexplk,),
¢ =qJ exp(k,), (E.15)

The functions p and ¢ can now be expanded in powers of r, the expansion coef-
ficients being polynomials in x, x|, x,. To lowest order, one has for |S,|°

P=3—IMx+20x+ M N, +208, - L M'x, 4+ 20 %, + O0r),
g=3—SM'x—4rx— L M'x, —40rx, + L M'x, 4 O(r), (E16)
and for @
p=1— Lt Mx420x420x, =25, 4 O(r),
(E.17)

g=—1+ I M x+6rx—21x,+2t'x,+ O(r).

Higher order contributions in r have been calculated using MAPLE. The expres-
sions are lengthly and will not be reproduced here.

The integral involving the polynomial p is evaluated in the following way: The
first step consists of substituting x = s — x, and integrating over x, from zero to s.
We note that

Ay =1{5+x2) —4x,x, {E.18)

is linear in x;. This leaves us with the double integral

1 * r - . . P;(S. xw) S+ X,
— - o ML — 12X 2 2 o
5 JO dx, JO ds ¢ o In 5] +p,(s. x50 |, (E.19)

where p,(s, x2) =p(x = — (5 —x1)2/(4x,), x;=(5+ x5)%(4x,), x,) and Pols, X5) 18
the integral of (p — p,)/#, over x,. We note that (p —p,)/#, is a polynomial in x,.
In the second step, the substitution

s=(1—u)v/y,, X = ubfity (E.20)
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yields the integral

b s .
| Py Ho— (s~ ) u v }
1” d o T - ln _— - — - EZI
J‘)L L o [,u,u [ g2 — (s + 4y) ull ,u,;l:p’ ( )

Since p, and p, are polynomials in v, the r-integration is simple. Finally one is
left with the w-integral, in which p, and p, are Laurent series in # with contri-
butions from u«~" to «” if p is a polynomial of order n in ~, x,, x,. However,
the total integrand is analytic at «=0. If the contributions including O(r*} in p
are taken into account, then n=2k+1. A similar procedure applies to the ¢-
integral.

Using MAPLE, the leading term for |S;|* and the next three sub-leading terms
have been calculated, and are given by

S 4+ M A+ M
YT M8+ M) M(8t+M)?
+20481“ +12800°M + 51262 M2 + 200 M + M*
M8t + M)°
_ 163841° + 122881* M + 53761 M + 2048°M* + 200M” + M° (E22)
M (8t+ M)® ) -
T M8+ M) M(8t+ M)
= 204814 — 7681°M — 3200°M* + &M
M8+ M)*
163841° + 81921 M + 3328+* M2 — 1088°M* + 41M* (E23)

M3 (81 + M)°

Although the structure of the integrals would allow the appearance of logarithms
and dilogarithms, it turns out that the final integrals are rational functions of M
and r. From the expressions (E.22) and (E.23), one obtains the contributions to the
conductance quoted in Section 5.2.

APPENDIX F

A numerical treatment of the integrals in Egs. (5.2), (5.4) cannot be implemented
directly as their integrands exhibit an algebraic singularity on the surface
+ 2

R=2247

1l

— A A —1=0, (F.1)

—rJ
(SR
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which, of course, cancels out between numerator and denominator in the end, once
all relevant contributions are taken into account. This apparent singularity can be
eliminated altogether via the following change of integration variables:

A=1-2gq,
ly=1+24q,, (F.2)
»=142qq,.

Then ¢, ¢q,, ¢g- span the ranges 0<¢,, ¢, <oc and 0<g < 1.
Let us now consider the case t =0 and write

1
1517 =] dq La(o) (F3)

0

Then one can show, for example, taking M =1, that /\(g) ~,_ . const x g ' so
that there is an integrable singularity at ¢ = 0. The divergence of /,,{¢ — 0) does not
disappear for larger values of M. It can be removed by the transformation
g=1/(p +1). The resulting integral is regular in p but displays a consequent slow
falloff as p — oo, going as p 2 for M =1. So, to achieve an accuracy of 10 %, the
numerical cutoff in the p-integral would have to be taken as 10%

Nonetheless, we thus arrive at the expressions

5 o, o o M1 —8[ R ] 1 2
ISll“=J dpj dqu qu< P > expl —8¢g:(1 +p+92)/(p+ )]
0 0 0 l+p+qg,+9q (I1+p+q,+4q5)°

1 p 29,4, HPH
SULE NI 2 [(1+&)p—(1—&
.%’,,[ hi T2 p+ll+p+q,+4q, A, L )p—( )

4 ‘ o 2
X(ql—q:)(l+P+‘l|+‘]z)]+m[46p+(1—5)(1+P+242) ]}

(F.4)

and

ek e , M-
Sir= [ [ o[ <——"“’1+p+pql+qz)

L XPL—8,(1 +p+g2)(p+1)°] 1
(1+p+q,+9,)° A,

|\+&—-F 2p ;
X{—TT[(Cll*qz)[3+%((P+1)(1+‘11+‘12)+2‘11‘12)

14
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4t

TS [2p((p+ D)1 =g +¢2) +2g2) — (1 +p+q, +¢2)(] +,,+,,2)2]}

(1=-&)p 2
+ﬁ“ 1+Z((P+1)(1+q,+qz)+2lh!]:) (1+p+g,+¢,)

+ [20p+ 1)1 —q,+q2) +4q, +(q, —g2)(1 +p+2f1:)3]} } (F.5)

t
(p+1)
We have set #,=(p+ 1) # so that

.’/?,,=(p+1)(l+ql+q2)2—4pql([2, (F.6)

and here & =exp[ —8/(p+1)?]. In this form, the integration is completely free of
singularies; but, for small 7, the integrand decays slowly (with a power law) in all
directions. Consequently, all three upper integration limits must be taken very
large, and this makes accurate computation slow and difficult.

To circumvent this, we introduce two compact coordinates by transforming to
two angle variables a, w and one radial parameter r according to the definitions

gy =3r(l—a)(1+w),

g>=5r(1 —o)(1 —w), (F.7)
p=ra
The ranges of the new variables are given by 0<r< o, 0<a<], —I<w<l.

However, because of the very asymmetric form that the exponential now acquires,
there exist both rapidly and very slowly decaying directions for the integrand.
Indeed. the upper limit of the r-integral must still be taken extremely large in order
to achieve sufficient accuracy for the slowly decaying parts. However, this means
that the integration region also extends far along the rapidly decaying directions
where the integrand is virtually zero; and, in fact, the integrand turns out to have
support only in a tiny fraction of the entire integration volume. The integration
routine is then unable to properly determine when the desired accuracy has been
achieved. This is because, at some state in the iteration, further subdivision of the
grid is likely to create new points essentially only in the pervading insignificant
region and, hence, not alter the previous value of the integral to within the requisite
accuracy.

The easisest way to remedy this problem is by compactifying the r-integration
through the variable change

(F.8)

so that 0 < y <. The transformations of Eqs. (F.7), (F.8) result in a simple
bounded integration over a hyper-rectangular region and an integrand that has
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a significant value over an appreciable fraction of this region. The change of
integration measure and region that corresponds to the variable transformation
(P gy, ¢2)— (v, 2, w) can be summarized by the equation

o P ir p M- 1 1
] 7/ dy, S
'[) ‘pjll ”]lel L<l+1)+‘11+(12> (1+P+‘11+‘1:)'[ J
| M+ ol
dy_-"_.hﬁ

! F.
2,’0 (1—y)° (F9)

+1
da (1 —a) o™ '[ dwil--].
L |

~0

Then we can write |S,|” (=1, 2),

5 1 1 . o1 | ) A+ 1 1_}'
IS,I“=§£) dy y" 'JO do( 1 — o) ™ 'J,_l dw 7,
Pl —a)(1—w) (1 —a)(1—w)
9y : A F.(y, o, w), .10
xexp{ 2t [0 —a) [2 (= (1% H 0 o), (F.10)
where
1 1yl — o) (1 —w?)
Fy, ow)= — g — — T 7
v, w) l~}{l v 3 TR }

x%ﬂ‘_—M[uww—_;v)a—(l—f;)(l—aw]

#
+4r{4(ﬂ——————"’“_"')“ +(1—f)<1+“h——~"(1_“)(1—"')>2]} (F.11)
= y(l-a)] ’ l—y(l—a) /) '

)

NE , AT
)_“_0‘_)‘_‘)[3+if((1~y)+y:a(l—a)

+[T_y—(41t~_wa7]—§ [2yoaf]l —y— 32l —a) ) — {1 — y(l —a) \1')2]}

, ya 1 1 ,
1—-& — 2] —v) +2y2f] —
+( )1~_1w(l—oc){1~y+.%_,.[ (1 =y)+2yof]l —a)

> 2 RE . L S SOTV
4yl —a) (1—“)]+l—y[l—y(l—fx)]2[2(l U=y

=yl —a) w) + p(1 —a) w(l —y(1 —a) u‘)z]}, (F.12)
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with

A=y (1=p)l—a)+(1=y)[1=p(1—)][1 =y +2p(l =) ]+ (] — ) w2,

(1 —y
& = exp {_81__}(_§}_)££#:}‘
[I—y(l-2)]" (F.13)
_ l—em¥ yl—y)a
F = X = I
dtx [1—y(l—a)]"
In the numerical analysis, we represent .# as the integral
1
F41x)=2 j due 5 (F.14)
0]
when the argument is small. It is also useful to note the relation
1 1—y)?
L= (F.15)
A, A,

In the parameterization above, a mild algebraic singularity appears along the line
y=1, w=0. This can be easily dealt with by setting the upper limit of the y-integra-
tion to 1 — ¢ with J an arbitrarily small positive number.
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