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Among the magnetic materials, those with ferromagnetic character are, by far, the most studied in

what concerns applications of the magnetocaloric effect. However, recently, diamagnetic materials

received due attention never received before, and an oscillatory behavior, analogous to the de

Haas-van Alphen effect, has been found. The present effort describes in details the magnetocaloric

properties of a 2D non-relativistic material (a gold thin film, for instance), where oscillations,

depending on the reciprocal magnetic field 1/B, are found. A comparison of the magnetic entropy

change per electron for some cases is presented, and we found �10�1 kB (at 109.3 K) for

graphenes, �10�5 kB (at 0.7 K) for 2D gold, and �10�7 kB (at 0.7 K) for 3D gold. VC 2013 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4812282]

I. INTRODUCTION

The magnetocaloric effect is an interesting property in

which magnetic materials, under a magnetic field change,

are able to exchange heat with a thermal reservoir (consider-

ing an isothermal process), or even change its temperature

(considering an adiabatic process). This effect is completely

analogous to the compression-expansion thermal-mechanical

cycle; and therefore, the main purpose of the scientific com-

munity is to built a thermo-magnetic machine, to substitute,

in a near future, those standard, non-economical and non-

environmental friendly Freon-like refrigerators.1

Thus, the scientific community dealing with caloric

effects (baro-, magneto-, and electro-), focused attention to

applied purposes and therefore, to this end, ferro-materials

are the most useful, since near phase transitions the caloric

effects are maximized.1 However, recently, the magnetic en-

tropy change DSðT;DBÞ and the adiabatic temperature

change DTðT;DBÞ of 3D non-relativistic diamagnetic mate-

rials have been described in details.2,3 An oscillatory behav-

ior was found, due to the crossing of the Landau levels with

the Fermi level, analogously to the de Haas-van Alphen

effect.4 This new (oscillating) magnetocaloric effect has

interesting features and, as suggested, can be used as sensible

magnetic field sensor.2

However, in spite to be interesting, this oscillating effect

occurs at high values of magnetic field (few or more Teslas)

and low temperatures (c.a. 1 K). In order to further under-

stand and optimize the effect, a relativistic 2D material (a

graphene) was studied;5 and, surprisingly, a very similar

oscillations were found, however, at very comfortable values

of temperature: c.a. 100 K (and few Teslas). To deeper

understand the magnetocaloric properties of graphenes, more

recently, the influence of a longitudinal electric field was

described6 and verified that the caloric potentials can be eas-

ily rules by this electric field. The electrocaloric effect of

graphenes was also explored.7

What does happen for a material that has low dimension

(2D), like graphene, but is non-relativistic in nature, as the

first case above described? This is the aim of the present

effort, to present the magnetic entropy change of a 2D non-

relativistic film. To this purpose, we derive the density of

states (details are in the appendix), and then, from known

thermodynamic relationships, the magnetic entropy change

is obtained.

II. MAGNETIC ENTROPY CHANGE

The magnetic entropy S(T, B), as a function of tempera-

ture T and magnetic field B, depends on the grand canonical

partition function ZðT;BÞ through

SðT;BÞ ¼ kB
@

@T
½TlnZðT;BÞ�; (1)

where

lnZðT;BÞ ¼
ð1

0

de g1ðeÞ lnð1þ ze�beÞ: (2)

z ¼ elb is the fugacity, l is the chemical potential and

b ¼ 1=kBT. In addition, g1ðeÞ is the one-particle density of

states, given by (see Appendix)

g1ðeÞ ¼ g0 þ gBðeÞ; (3)

where

g0 ¼
L2

4p
2m

�h2
(4)

is the zero-field density of state (with no spin degeneracy),

and

gBðeÞ ¼ 2g0

Xþ1
l¼1

ð�1Þlcos
lp

lBB
e

� �
: (5)

From Eq. (3), it is easy to see that the logarithm of the

grand partition function has two contributions:a)marior@if.uff.br
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lnZðT;BÞ ¼ lnZ0ðTÞ þ lnZBðTÞ: (6)

The first one gives the zero-field entropy and, as will be

shown further in this text, does not contribute to the mag-

netic entropy change. Thus, let us focus our attention to the

second term that, from Eq. (5), is

lnZBðTÞ ¼
ð1

0

de 2g0

Xþ1
l¼1

ð�1Þlcos
lp

lBB
e

� �
lnð1þ ze�beÞ:

(7)

After integration by parts (two times), we achieve

lnZBðTÞ ¼ 2g0

Xþ1
l¼1

ð�1Þl GðeÞj10 þ
lBBb

lp

� �
GðeÞj10

�

� 1

4

lBBb
lp

� �2

IðT;BÞ
�
; (8)

where

GðeÞ ¼ lBB

lp
sin

lp
lBB

e

� �
lnð1þ ze�beÞ; (9)

GðeÞ ¼ �lBB

lp
cos

lp
lBB

e

� �
1

z�1ebe þ 1
; (10)

and

IðT;BÞ¼
ð1

0

cos
lp

lBB
e

� �

cosh2 bðe�lÞ
2

� �de����!eF�kBT 4p2l

lBBb2

cos
lp

lBB
eF

� �

sinh
lp2

lBBb

 !:

(11)

Above, the condition eF � kBT implies to l � eF and there-

fore, z� 1. As a consequence, Gð1Þ, G(0), and Gð1Þ are

zero; and

Gð0Þ ! � lBB

lp
: (12)

Equation (7) can then be written with two contributions:

lnZBðTÞ ¼ lnZno
B ðTÞ þ lnZo

BðTÞ; (13)

where

lnZno
B ðTÞ ¼ �

1

6
g0bðlBBÞ2 (14)

has a non-oscillatory character and

lnZo
BðTÞ ¼ �2g0lBB

Xþ1
l¼1

ð�1Þl

l
cos

lp
lBB

eF

� �
1

sinhðxlÞ
(15)

has an oscillating behavior. Above, xl ¼ lx and

x ¼ p2 kBT

lBB
: (16)

Thus, Eq. (6) reads as

lnZðT;BÞ ¼ lnZ0ðTÞ þ lnZno
B ðTÞ þ lnZo

BðTÞ; (17)

where the second and third terms are given by Eqs. (14) and

(15), respectively. From Eq. (1), it is possible to obtain the

entropy of the system that reads as

SðT;BÞ ¼ S0ðTÞ þ So
BðTÞ; (18)

since Sno
B ¼ 0. However, we are interested to obtain the mag-

netic entropy change DSðT;DBÞ ¼ SðT;BÞ � SðT; 0Þ that, on

its turn, is

DSðT;DBÞ ¼ So
BðTÞ ¼ �2NkB

1

n
cosðnpÞT ðxÞ; (19)

since So
B¼0ðTÞ ¼ 0. Above

n ¼ eF

lBB
(20)

and, for convenience, we re-write x ¼ p2tn, where

t ¼ kBT

eF
: (21)

In addition,

T ðxÞ ¼ xLðxÞ
sinhðxÞ (22)

and

LðxÞ ¼ cothðxÞ � 1

x
(23)

is the Langevin function. As usually considered for thermo-

dynamic quantities with this kind of oscillations,2,4 we con-

sidered only l¼ 1 term: the hyperbolic sine function at the

denominator of Eq. (22) rapidly damping the summation. Of

course, it is an approximation; however, after this assump-

tion, we can understand the physics behind this model.

Let us consider a gold thin film, with Fermi energy

eF ¼ 3:62 eV. From Eq. (20), it is possible to see that Bðn
¼ 1Þ ¼ 6:2522� 104 T and therefore completely out of a

laboratory range. On the other hand, Bðn ¼ 104Þ ¼ 6:2522 T,

and therefore, this is the order of magnitude of n we must

consider. Note the magnetic field change needed to invert

the magnetic entropy change (from normal/negative to

inverse/positive) is Bðn ¼ 104 þ 1Þ ¼ 6:2515 T, i.e., a differ-

ence of 0.7 mT. The temperature dependence of the magnetic

entropy change lies on the T ðxÞ function, and this behavior

is presented in Figure 1. This function peaks in x ¼ p2tn ¼
1:6 and therefore, considering n¼ 104, the maximum mag-

netic entropy change occurs at T¼ 0.7 K.

The dependence of the magnetic entropy change as a

function of n is presented in Figure 2, for that temperature

that maximizes this effect (considering n¼ 104), i.e., 0.7 K.

It has an oscillatory behavior due to the cosine term on Eq.

(19) (note the envelope of these oscillations is Eq. (19) with-

out the cosine term).
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III. COMPARISON WITH A 3D NON-RELATIVISTIC
MATERIAL

The magnetocaloric effect of diamagnetic materials

begun to be discussed very recently, considering a 3D non-

relativistic gold specimen.2 After a similar evaluation as

these presented in this contribution, the magnetic entropy

change (as well as the adiabatic temperature change3), has

been obtained:2

DSðT;DBÞ ¼ � 3

2
NkB

1

nþ 1=4

� �3=2

cosðnpÞ T ðyÞ; (24)

where

n ¼ eF

lBB
� 1

4
; (25)

y ¼ p2t nþ 1

4

� �
(26)

and T ðyÞ given by Eq. (22).

Note the similarity between Eq. (24) (3D case) and Eq.

(19) (2D case). In what concerns the temperature dependence

of the magnetic entropy change, both are driven by T ðyÞ.
Since the argument of this function is (almost) the same for

both cases, then T ðxÞ peaks approximately at the same value

of temperature (0.7 K), for the 2D and 3D models. Thus,

Figure 1 is a good approximation for the behavior of the

magnetic entropy change as a function of temperature for the

3D non-relativistic case; except for the fact, the 2D case is

almost 2 orders of magnitude bigger than the 3D case (for

n¼ 104)—this fact will be clearer further in the text.

On the other hand, the magnetic entropy change as a

function of n has important differences. In spite of the period

of oscillations be (almost) the same for both cases (the differ-

ences lie on the Fermi energy values and the 1/4 factor-see

Eqs. (20) and (25)), the envelope of these oscillations are re-

markable different—the envelope is the entropy change

without the cosine terms. Note the maximum amplitude for

the 3D case rapidly goes to zero, while for the 2D case it

keeps almost constant and then, for large values of n, sud-

denly goes to zero. However, as discussed above, n¼ 104

corresponds to B¼ 6.2522 T, a range of magnetic field close

to standard laboratory values; and therefore, for n¼ 104, the

magnetic entropy change, per electron, for a 2D gold film is

two orders of magnitude bigger than the 3D gold case.

IV. COMPARISON WITH A 2D RELATIVISTIC
MATERIAL: GRAPHENES

More recently, the caloric properties of graphenes have

been described;5–8 in a similar fashion as presented above.

The magnetic entropy change per graphene area was eval-

uated and reads as5

DSðT;DBÞ ¼ 2kB
N0

m
cosðpmÞT ðzÞ; (27)

where N0 ¼ 1016 m�2 is the density of charge carriers9,10

m ¼ N0

/0

B
; (28)

/0 ¼ p�h=e ¼ 2:06� 10�15 Tm2 is the magnetic flux

quantum.

z ¼ m

N0

kBT

~vF
; (29)

~vF ¼ �hvF=2p
ffiffiffiffiffiffiffiffi
N0p
p

¼ 9:43� 10�38Jm2 and vF ¼ 106 m=s is

the Fermi velocity. Note both, m and x are dimensionless.

Interestingly, T ðzÞ is also given by Eq. (22).

The entropy change of graphenes (Eq. (27)), provides a

huge difference to what was discussed until this point. Note

B(m¼ 1)¼ 20.6 T and B(m¼ 3)¼ 6.9 T, i.e., within the labo-

ratory range. Thus, for this graphene comparison, we will

focus to m � 1, instead of those n¼ 104 for a non-relativistic

FIG. 1. Oscillating magnetic entropy change per electron as a function of

temperature, for a 2D gold film. Note only 0.7 mT of change on the magnetic

field change is enough to invert the caloric effect from normal/negative to

inverse/positive.

FIG. 2. Oscillating magnetic entropy change per electron as a function of n,

inversely proportional to the magnetic field B. The oscillatory behavior is

evident and has a remarkable difference comparing 2D and 3D models. The

envelope rules the amplitude of the oscillations. For the sake of clearness of

the figure, above n¼ 10 only the envelope is shown; and the oscillations are

suppressed.
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material. In addition, the temperature dependence of this en-

tropy change for graphenes is also on T ðzÞ function of Eq.

(22), which peaks at z¼ 1.6 and therefore, for m¼ 1, the

maximum magnetic entropy change occurs at T¼ 109.3 K.

Figure 3 summarizes these considerations and, comparing

with Figure 1, it is obvious the huge difference, mainly in

the temperature in which the oscillating behavior occurs.

Analogously to Figure 2, the entropy change as a func-

tion of m for graphenes is presented in Figure 4-bottom, for

values of magnetic field within the laboratory range. Note

the oscillations rapidly go to zero and few periods of oscilla-

tions can be observed. The most interesting point is the tem-

perature and magnetic field in which the effect is, i.e.,

completely reasonable in what concerns a standard labora-

tory. For the sake of comparison, the entropy change as a

function of n (see Eq. (19)) is presented in Figure 4-top, for a

2D non-relativistic material.

These huge differences came from the relativistic energy

spectra for the graphene, in which the Landau levels go pro-

portionally to
ffiffiffiffiffiffi
B j
p

, where j is the Landau level index; while,

as known and shown in Appendix, for a non-relativistic case,

the energy spectra mimics an harmonic oscillator.

As a final remark, at standard laboratory values of mag-

netic field change (c.a. 6 T), the entropy change per electron

for a 2D relativistic material (graphene), is of the order of

10�1 kB (at 109.3 K), while for a 2D and 3D non-relativistic

material (gold, for instance), it is, respectively, of the order

of 10�5 kB and 10�7 kB (at 0.7 K).

V. CONCLUSIONS

In what concerns caloric effects, the scientific commu-

nity has been focusing attention to ferro- materials, since

these effects are maximized close to phase transitions.

However, recently, the magnetocaloric effect of a 3D non-

relativistic diamagnetic materials has been described and,

surprisingly, interesting and new features arose, as, for

instance, an oscillatory behavior as a function of the recipro-

cal magnetic field 1/B, analogously to the de Haas-van

Alphen effect. This effect was further developed considering

a relativistic material: a 2D carbon sheet, i.e., a graphene;

and a similar behavior was found, however, for more com-

fortable values of temperature (ca. 109 K, in contrast to the

low values—ca. 1 K—found for the non-relativistic case).

In a sequence of the results mentioned above, the pres-

ent effort dealt with a non-relativistic 2D material, namely a

gold thin film. We found the characteristic oscillatory behav-

ior already mentioned for those other diamagnetic materials

(compare Eqs. (19), (24), and (27)), however, with important

aspects that must be emphasized: (i) the temperature depend-

ence for those three different cases lies on the T ðxÞ function

(see Eq. (22))—independently on the dimension and nature,

i.e., either relativistic or non-relativistic, (ii) all cases have

dependence on a cosine function, with a period proportional

to the reciprocal magnetic field 1/B, and (iii) for those

2D cases the entropy change is proportional to

B cosð1=BÞT ð1=BÞ, while for the 3D case it depends on

B3=2cosð1=BÞT ð1=BÞ. From this, it is possible to inspect that

the entropy change for a d-dimensional system is

Bd=2cosð1=BÞT ð1=BÞ. This proposal needs further analysis

and will be published elsewhere.
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FIG. 3. Oscillating magnetic entropy change per electron for a graphene, as

a function of temperature.

FIG. 4. Oscillating magnetic entropy change per electron for a (top) 2D non-

relativistic film-gold and (bottom) graphene, as a function of the inverse

magnetic field.
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APPENDIX A: DENSITY OF STATES

The one-particle density of states g1ðeÞ follows easier

from the Laplace transformation of the canonical partition

function ZB
1 ðbÞ in the Boltzmann limit

g1ðeÞ ¼
1

2pi

ðbþi1

b�i1
eb0eZB

1 ðb0Þ db0; (A1)

where, for non-interacting systems, a simple grand
canonical-canonical partition functions relationship is

lnZðT;BÞ ¼ zZB
1 ðbÞ: (A2)

Above, z ¼ elb is the fugacity and l is the chemical poten-

tial. Thus, at this point, we need to obtain the grand partition

function in the Boltzmann limit

lnZðT;BÞ ¼
X

n

ze�ben ; (A3)

but before, the energy spectra en for this model.

The Hamiltonian of this model, i.e., a 2D non-

relativistic electron gas with a transversal magnetic field
~B ¼ Bk̂, can be written as

H ¼ 1

2m
½p2

x þ ðpy þ eBxÞ2� (A4)

and then the Schr€odinger equation reads as

� �h2

2m

d2

dx2
þ 1

2
mx2ðxþ x0Þ2

� 	
/nðxÞ ¼ en/nðxÞ; (A5)

where

x0 ¼
�hky

eB
; x ¼ eB

m
and en ¼ �hx nþ 1

2

� �
: (A6)

Above, ky ¼ 2pny=L (where ny ¼ 0; 1; 2;…), is related to the

translational symmetry along the y axis; and the energy spec-

tra represent the Landau levels, where n is the Landau level

index. Note that the harmonic oscillator of Eq. (A5) has sev-

eral centers x0, which depends on ny and B. Since these cen-

ters must be within the considered plan, i.e., 0 � x0 � L then

0 � ny � ~g, where ~g ¼ L2eB=h is the degeneracy of the

Landau level n (note for each n, there are ny possibilities).

Thus, Eq. (A3) can be rewritten as

lnZðT;BÞ ¼
X1
n¼0

z~gexp �b�hx nþ 1

2

� �� 	

¼ z
L2eB

2h

1

sinhðyÞ ;
(A7)

where y ¼ lBBb. Thus, a simple comparison of Eqs. (A2)

and (A7) leads to

ZB
1 ðbÞ ¼

L2eB

2h

1

sinhðyÞ : (A8)

From the above and Eq. (A1), it is possible to write the

density of states we are looking for

g1ðeÞ ¼
L2eB

2h

1

2pi

ðbþi1

b�i1

eb0e

sinhðlBBb0Þ db0
( )

(A9)

that reads as

g1ðeÞ ¼ g0 þ gBðeÞ; (A10)

where

g0 ¼
L2

4p
2m

�h2
(A11)

is the density of state (with no spin degeneracy), of the non-

perturbed 2D electron gas; and

gBðeÞ ¼ 2g0

Xþ1
l¼1

ð�1Þlcos
lp

lBB
e

� �
: (A12)
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