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a b s t r a c t

Recently, the oscillating magnetocaloric effect (OMCE) was proposed and theoretical verified as an intrinsic
property of diamagnetic materials; and then it was further optimized considering a monolayer graphene.
OMCE biased by an electric field was also deeply investigated, but Joule heating was a problem to be
overcome. The present effort thus goes further and analysis of the OMCE of biased bilayer graphene under
an electric and magnetic field is carried out. General expressions for the thermodynamic potentials are
derived and then the entropy change and the adiabatic temperature change are investigated. We found that
the results for bilayer graphenes are very similar to those for monolayer and, in addition, the Joule heating
problem could be overcome, since the gate potential is applied between the two layers.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The magnetocaloric effect (MCE) is an interesting property in
which magnetic materials, under a magnetic field change, are able
to exchange heat with a thermal reservoir (considering an iso-
thermal process), or even change its temperature (considering an
adiabatic process). This effect is completely analogous to the
compression–expansion thermal-mechanical cycle; and therefore
the main purpose of the scientific community is to built a thermo-
magnetic machine, to substitute, in a near future, those standard,
non-economical and non-environmental friendly Freon-like refrig-
erators [1,2]. It is straightforward to see thatΔT ¼ Tf �Ti, obtained
from the adiabatic condition SðTi;0Þ ¼ SðTf ;HÞ, characterizes the
adiabatic process; while ΔS¼ SðT ;HÞ�SðT ;0Þ characterizes the
magnetic entropy change, obtained from the isothermal process.

The magnetic entropy change is larger in magneto-ordered mate-
rials in the vicinity of phase transitions [1,3] and therefore the strongest
MCE manifests in ferro- and antiferromagnetic materials [1–6]. Due to
the above, a deeper evaluation of this effect in diamagnetic materials
was only reported recently [7–17]; namely in 3D, 2D and quasi-1D
non-relativistic materials [7,8,11] and, in addition, on monolayer
graphene (MG) [9,12,13]. The most interesting point of these contribu-
tions is that the new oscillatory character of the MCE as a function of
the reciprocal magnetic field 1=H is analogous to the de Haas-van
Alphen effect. Other interesting aspect of the oscillating magnetocaloric
effect (OMCE) is its maximum value for the magnetic entropy change

even without phase transition (in high contrast to ordered materials
that need a phase transition to maximize the MCE). In addition, deeper
analysis of the OMCE on graphenes shows that the temperature in
which the OMCE peaks are almost 100 times higher than non-
relativistic diamagnetic materials (Gold, for instance). The OMCE also
provides additional information about the system, like metrology of
fundamental physical constants [12]. Thus, OMCE has interesting
features that deserve to be further and deeper investigation; and
graphenes are materials with the highest potential to show peculiar
behaviors, mainly due to its relativistic features. Following this idea, the
magnetocaloric properties of graphenes biased by an electric field were
deeply investigated [15], but a drawback appeared: Joule heating is
quite bigger than the magnetocaloric magnitude. The aim of this effort
is therefore to overcome this problem. A straightforward idea is to
consider a bilayer graphene with gate voltage applied between those
two layers, avoiding the Joule heating.

Indeed, bilayer graphene (BG) is of special interest. From the
theoretical viewpoint, BG is attractive due to the fact that electrons
are described by an unusual wave equation, that has fourth-order
derivatives, in contrast to the Shrödinger and Dirac equations [15]. In
addition, an applied gate potential, perpendicular to the carbon
planes, opens a gap in the energy spectrum of BG [16]. On the other
hand, from the applied point of view, BG and MG-based devices may
become promising materials for modern nanoelectronics [15], due
to, for instance, an anomalous growth of the thermopower [17],
unusual quantum Hall effect [18], exotic electrodynamic effects [19],
giant magneto-optical [20] and thermomagnetic [21] effects.

In the present paper, thus, we deeply analyzed the OMCE in a BG
and described the physical mechanisms that rule the oscillatory
behavior of the magnetocaloric potentials as a function of
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temperature, reciprocal magnetic field and gate potential. We then
found on BG a solution to observe a genuine OMCE, biased by an
electric field, and without the inconvenience of Joule heating.

2. Bilayer graphene: electronic spectrum and Landau levels

For this effort, we will consider only the simplest theory of
electronic spectrum and Landau levels – but, as will be clear
further in the text, this procedure is enough to obtain the desired
OMCE features of BG. The unit cell of BG has four carbon atoms
and, consider the so-called AB stacking, the effective Hamiltonian
can be written as [15]

H¼

U tn1 t? 0
t1 U 0 0
t? 0 �U t1
0 0 tn1 �U

0
BBBB@

1
CCCCA ð1Þ

where

t1
t
¼ eiqxaþe� iqxa=2eiqy

ffiffi
3

p
a=2þe� iqxa=2e� iqy

ffiffi
3

p
a=2 ð2Þ

and t is the nearest-neighbor hopping energy (hopping between
different sub-lattices in a monolayer). In addition, q represents the
two-dimensional wave vector of electrons, a is the carbon–carbon
distance in a monolayer, t? is the hopping energy between two layers,
i.e. hopping energy between A1 and A2 atoms (A1 and B1 are sub-
lattices of the first layer, while A2 and B2 are sub-lattices of the second
layer), and, finally, U is the gate potential, that, on its turn, tune the
gap. Acceptable values for t and t? are shown in Table 1, and, for the
present effort, we will consider t? ¼ 0:4 eV and t¼2.8 eV.

The next step is to consider the region of momentum space in
the vicinity of Dirac point and, in this region, the energy spectrum
of the MG has a simple form:

t1
t
¼ 7

3
2
aj k!j ð3Þ

where k
!¼ q!� Q

!
and Q

!¼ ð2π=3a;2π=3
ffiffiffi
3

p
aÞ is the wave vector

corresponding to the Dirac point. Above, 7 represents conduction
(‘þ ’) and valence (‘� ’) bands. Thus, the Hamiltonian on Eq. (1)
gives the energy spectrum:

ϵðU; kÞ ¼ νb v2Fh
2k2þt2?

2
þU2

�

þνsb ðt2? þ4U2Þv2Fh2k2þ
t4?
4

� �1=2)1=2

ð4Þ

where vF ¼ 3ta=2h¼ 108 cm=s is the Fermi velocity of electrons;
νb ¼ 71 is a band index (νb ¼ þ1 corresponds to conduction band
and νb ¼ �1 corresponds to valence band); νsb ¼ 71 is a sub-band
index (νsb ¼ þ1 corresponds to the sub-band I and νsb ¼ �1
corresponds to the sub-band II). Application of a voltage opens a gap

Δ¼ t2?U
2

t2? þU2

" #1=2

ð5Þ

in the energy spectrum, as can be seen in Fig. 1; and it is reasonable,
since an external electric field breaks the symmetry between first
and second layers.

To study the magnetic oscillations, we considered the quanti-
zation rule in the Lifshitz–Onsager form [29], since it has been
successfully used in recent papers [30–32]. For a 2D electrons gas,
the area enclosed by an electron trajectory in the momentum
space is [29,33]

AðϵÞ ¼ 2πheH
c

ðnþγσÞ ð6Þ

where n¼ 0;1;2;…,

γσ ¼ γþmðμÞ
2m

σ; ð7Þ

mðϵÞ ¼ 1
2π

dAðϵÞ
dϵ

ð8Þ

is the electron cyclotron mass [33], m is the electron mass, σ ¼ 71
and, finally, γ ¼ 1=2 for non-relativistic gas and γ ¼ 0 for graphenes.
In the present effort, the Zeeman splitting of the Landau levels is
ignored, i.e., we assume that mðμÞ=m¼ 0 [34]. Considering AðϵÞ ¼
πR2ðϵÞ, where RðϵÞ is the radius of an electron trajectory with
constant energy, we can write therefore:

AðϵÞ ¼ π
v2F

ϵ2þU2þ½ð4U2þt2? Þϵ2�U2t2? �1=2
n o

ð9Þ

Finally, the Landau levels can be derived from Eqs. (4) and (6);
and reads then as

ϵn ¼
2heHnv2F

c
þt2?

2
þU2

(

� t2? þ4U2
� �2heHnv2F

c
þt4?

4

" #1=2
9=
;

1=2

ð10Þ

It is important to stress that the limit in which t? and U tends to zero,
Eq. (9) reads as AðϵÞ ¼ πϵ2=v2F and Eq. (10) reads as ϵn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2heHn=c

p
.

Note these are the results for monolayer graphene [15] and the
present evaluation can successful recover those.

Table 1
Values of hopping energies.

Reference t (eV) t? (eV)

Experiment [22] (IR spec.) – 0.378(5)
Experiment [23] (IR spec.) 3.2(3) 0.381(3)
Experiment [24] (IR spec.) 3.0 0.40
Experiment [25] (Raman) 2.9 0.30
Experiment [26] (Raman) 3.0 0.35
Theory [27] (ab initio) 2.6 0.34
Theory [28] (ab initio) 3.4013 0.3963 Fig. 1. (Color online) Energy spectrum of a bilayer graphene, where U is the gate

potential between these two layers.
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3. Magnetocaloric potentials

3.1. Magnetic entropy change

The MCE can be measured and estimated from the isothermal
process and, for this case, the magnetic entropy change
ΔS¼ SðT ;HÞ�SðT ;0Þ is the quantity to be evaluated. Thus, we need
to obtain the entropy of the system as a function of external
parameters, like field and temperature. However, since the entropy
of the system can be obtained from the grand potential Ω, i.e.,
S¼ �∂Ω=∂T , we need first to evaluate the grand canonical
potential, that reads as (see Appendix):

Ω¼ΩðT ;HÞþΩðT ;0Þ ð11Þ
Note it has two contributions: one depends on the applied
magnetic field and the other does not. Therefore, these contribu-
tions to the grand canonical potential per graphene area read as

ΩðT ;0Þ ¼Ω0 ¼ � 1
ðπhÞ2

Z 1

0
AðϵÞf ðϵ�μÞ dϵ ð12Þ

and

ΩðT ;HÞ ¼ΩH ¼ 2mðϵF ÞωckBT
πh

X1
k ¼ 1

1
k

cos k
AðϵF Þc
heH

� �
sinh xk

ð13Þ

where

xk ¼ xkðTÞ ¼ k
2π2kBT
hωc

; ð14Þ

ωc ¼ eH
mðϵF Þc

ð15Þ

and f ðϵ�μÞ is the Fermi-Dirac distribution.
From the above, the field dependent part of the entropy (per

graphene area) is

SHðTÞ ¼
kB
π

H
Φ0

X1
k ¼ 1

T ðxkÞ
k

cos k
AðϵF Þc
heH

� �
ð16Þ

where

T ðyÞ ¼ yLðyÞ
sinh y

ð17Þ

and LðxkÞ ¼ cothxk�1=xk is the Langevin function. Above, Φ0 is the
magnetic flux quantum.

The zero-field entropy, per graphene area, can be determined as

S0ðTÞ ¼ �∂ΩðT ;0Þ
∂T

ð18Þ

or

S0ðTÞ ¼
1

4π2h2kBT
2

Z 1

0

ϵ�μ

cosh2 ϵ�μ
2kBT

� �AðϵÞ dϵ ð19Þ

The integrand above is significantly different from zero only in the
vicinity of ϵ� μ and therefore it is true to consider AðϵÞ � AðμÞþ
2πmðμÞðϵ�μÞ. The zero-field contribution to the entropy (per
graphene area) reads then as

S0ðTÞ �
2πmðϵF Þk2BT

3h2
ð20Þ

To the above equation, we are also considering the low temperature
regime (ϵFckBT and, consequently, μ� ϵF ), as done for Eq. (16).

This section focus on the magnetic entropy change ΔS¼
SðT ;HÞ�SðT ;0Þ ¼ �SHðTÞ, that depends thus on the temperature T,
magnetic field H and gate potential U; and due not to the simple
dependence of ΔS on these quantities, some pictures are welcome.
Thus, the thermal dependence of the magnetic entropy change of a BG

is presented in Fig. 2; and, for comparison, the MG result, from Ref. [9],
is also presented. Note, as mentioned before, the maximum on this
quantity even without phase transition; and it is worth to note this
maximum occurs at T ðyÞ ¼ 1:6 [9]. It is important to stress we
considered only k¼1 term on Eq. (16), as in Refs. [7–14]

This behavior of the entropy change can be qualitatively explained
[14,35]: as long as the thermal energy is smaller than the distance
between Landau levels, the kinetic energy of the electrons is unch-
angeable. A small increasing of temperature leads only to disord-
ering of magnetic moments and, as a consequence, the magnetic
entropy increases. For the case in which the thermal energy is greater
than the distance between the Landau levels, the electrons can leave
this level and move onto another one, i.e., the thermal energy is
mainly spent to change the kinetic energy of electrons and, to a lesser
extent, to violate the mutual orientation of the magnetic moments. In
this case, the magnetic order of system restores, i.e., the magnetic part
of entropy decreases.

The magnetic field dependence was also evaluated and presented
in Fig. 3. Note it oscillates as a function of reciprocal magnetic field;
and the mechanism that promotes these oscillations have the same
nature as the de-Haas van Alphen effect. It is easy to understand that

Fig. 2. (Color online) Thermal dependence of the magnetic entropy change for BG
and MG, and several values of magnetic field change.

Fig. 3. (Color online) Magnetic entropy change of BG and MG as a function of
reciprocal magnetic field.
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the period of oscillations is determined as

Δ
1
H

� 	
¼ πhe
AðϵF Þc

ð21Þ

3.2. Adiabatic temperature change

The adiabatic temperature change is also a magnetocaloric poten-
tial and thus deserves attention, in a similar fashion we performed
above to magnetic entropy change. Indeed, oscillating adiabatic temp-
erature change in 2D and 3D systems with a parabolic spectrum was
already studied [8]. Considering the adiabatic condition SðTi;0Þ ¼
SðTf ;HÞ it is possible to write

ΔT ¼ Tf �Ti ¼ �6Tf

X1
k ¼ 1

L½xkðTf Þ�
sinh½xkðTf Þ�

cos k
AðϵF Þc
heH

� �
ð22Þ

It is easy to understand that, in this case, we have a self-consistent
problem, since Tf ¼ TiþΔT , where Ti is the temperature of the system
without applied magnetic field. Taking advantage of the interaction
method, it is possible to write

ΔT � �6ðTþΔTiÞ
X1
k ¼ 1

L½xkðTþΔTiÞ�
sinh½xkðTþΔTiÞ�

cos k
AðϵF Þc
heH

� �
ð23Þ

where ΔTi is determined from Eq. (22) with Tf¼Ti.
Oscillations on the adiabatic temperature change of BG (Eq. (23))

are shown in Fig. 4. It should be noted that these oscillations are
large in magnitude, in comparison, for instance, with other diamag-
netic systems with the parabolic spectrum [8]; and, in fact, these
values are comparable in magnitudewith magneto-ordered systems.
From Fig. 4 it is possible to see that application of gate potential
leads to decrease of temperature change. It is a consequence to the
fact that the opened band gap in the energy spectrum increases the
effective mass of electrons in BG.

This adiabatic temperature change can be understood as follows:
the temperature of the system is determined by the entropy that, on
its turn, for a given energy, depends on either the concentration of
energy states in the vicinity of this energy (Boltzmann thermody-
namics) or the total number of states with the energy smaller than
this energy (Gibbs thermodynamics). A change in these energy
states changes consequently the temperature of the system; and
therefore, under an applied magnetic field, due to the appearance of
the Landau levels, the temperature of the system obviously changes.
It is then worth to note that as greater the distance between these

levels is smaller the number of the levels and therefore the change
in entropy increases. Taking into account that a distance between
Landau levels is much larger in graphene than in non-relativistic
materials, our result becomes clear.

3.3. Gate potential change

An interesting effect is the oscillation on the magnetic entropy
change as a function of the gate potential U, as can be seen in Fig. 5.
It is simple to understand, since the Landau levels (responsible for
the thermodynamic oscillations), are U dependent. In other words,
AðϵF Þ depends on U. The adiabatic temperature change as a function
of the gate potential is also shown – see Fig. 6.

Note this effect does not depends on electric moment polariza-
tion, but, on the contrary, it changes the Landau structure and then
the caloric potentials. The isothermal effect is ruled by a change
in entropy: ΔS¼ SðT ;H;UÞ�SðT ;H;0Þ; and the adiabatic effect is
ruled by

S0ðT ;U ¼ 0ÞþSHðT ;U ¼ 0Þ ¼ SH ¼ 0ðTf ;UÞþSHðTf ;UÞ ð24Þ
The oscillating electrocaloric effect (OECE) in monolayer graphene
in the longitudinal electric field was studied in Refs. [10,12]. Worth

Fig. 4. (Color online) Adiabatic temperature change as a function of reciprocal
magnetic field for BG.

Fig. 5. (Color online) Energy spectrum of a bilayer graphene, where U is the gate
potential between these two layers.

Fig. 6. (Color online) Adiabatic temperature change as a function of gate potential U.
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to note: Joule heating on MG is generated under longitudinal
electric field, and this effect is much bigger than the OECE. Thus,
the experimental observation of OECE on MG under longitudinal
electric field is a challenging task; and even the magnetocaloric
potentials biased by an electric field. In contrast, the Joule heat is
not generated in the BG in a transverse field – present work. Thus,
the present work is a solution to overcome that problem.

4. Conclusions

Along this paper we discuss the oscillatory character of the
thermodynamic potentials of bilayer graphenes, ruled by a gate
potential between those two layers. The magnetic entropy change
and the adiabatic temperature change were analytically obtained
and we observe the oscillatory character of these two quantities as
a function of the reciprocal magnetic field 1=H. It is worth to note
the amplitude of the adiabatic entropy change is comparable to
magnetic ordered materials. In a similar fashion, we also describe
the oscillating electrocaloric effect, due to a change on the gate
potential between those two layers.

Finally, we stress that these results are similar to those described
for monolayer graphene (MG) [9], however, the present contribution
was able to overcame a strong drawback previously reported [9,13]:
the electric field applied on MG promotes Joule heating and then a
deeper damping of the caloric effect. At the present paper the Joule
heating problem does not exist, since the gate potential is applied
between the two layers. We are convinced that the present effort is
an important contribution to the knowledge of the oscillating
thermodynamic properties.
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Appendix A. Evaluation of ΩH

The general expression for the field dependent thermodynamic
potential (per graphene area), is

ΩH ¼ �2eHkBT
πhc

X
n
ln 1þexp

μ�ϵn
kBT

� 	� �
ðA:1Þ

where T is the temperature, μ is the chemical potential and kB is
the Boltzmann constant. The present effort considers the electron
doping case and therefore μ40. Using the Poisson summation
formula

X1
n ¼ 0

FðnÞ ¼
Z 1

0
FðxÞ dxþ2Re

X1
k ¼ 1

Z 1

0
FðxÞei2πkx dx

" #
ðA:2Þ

we obtain

ΩH ¼ �2eHkBT
πhc

Z 1

0
ln 1þexp

μ�ϵx
kBT

� 	� �
dx

�

þ2Re
X1
k ¼ 1

Z 1

0
ln 1þexp

μ�ϵx
kBT

� 	� �
ei2πkxdx

" #)
ðA:3Þ

Integrating by parts and using Eq. (6), we obtain

ΩH ¼ � 1
ðπhÞ2

Z 1

0
AðϵÞf ðϵ�μÞ dϵ

� 2eH
π2hc

Re
X1
k ¼ 1

1
ik

Z 1

0
f ðϵ�μÞ exp ikcAðϵÞ

heH

� 	
dϵ

" #
ðA:4Þ

The energies ϵ� μ are important for the magnetic oscillations
and therefore we expand the function AðϵÞ in the vicinity of μ,
i.e. AðϵÞ � AðμÞþ2πmðμÞðϵ�μÞ. Then, integrating and taking into
account that μ{kBT we obtained the following expression for field-
depen-
dent part of thermodynamic potential:

ΩH ¼ 2mðμÞωckBT
πh

X1
k ¼ 1

1
k

cos ðkAðμÞc=heHÞ
sinhðk2π2kBT=hωcÞ

ðA:5Þ

where

ωc ¼
eH

mðϵF Þc
ðA:6Þ

To obtain Eq. (A.5) we used the relation:

Z 1

�1

eiαz

ezþ1
dz¼ � iπ

sinhðαπÞ ðA:7Þ
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