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Since the middle of the last century several models have been developed to describe the magnetic
properties of one-dimensional (chain) systems. On the other hand, during the last decades several
important synthesis techniques have also been developed and new materials with low-dimensional
character appeared; and thus, those models tested. However, nowadays, there is a plant of new materials,
with potential applications, requiring an efficient and fast magnetic characterization. This is the aim of
the present paper, to provide a fully automatized routine, added to the CARDAMOMO package, to analyze
eight different magnetic chains, including uni- and duo-metallic, regular and irregular chains.

© 2011 Elsevier B.V. All rights reserved.
1. Introduction

One-dimensional molecular magnets have special importance:
these are test-bench of theoretical models [1]. These materials rep-
resent a genuine realization of magnetic chains that, in a first
approximation, are magnetically disconnected. On the other hand,
due to the evolution of the synthesis techniques, several new ma-
terials have been prepared and these require a magnetic character-
ization, based on those already established models.

Thus, this is the aim of the present paper, to provide a com-
putational routine that contains the useful models to analyze
the magnetic properties of the one-dimensional molecular mag-
nets. This routine was included into the CARDAMOMO package;
that now is able to analyze zero-dimensional (clusters) and one-
dimensional (chains), molecular magnets. For further information
on the zero-dimensional part of the CARDAMOMO package, see
Ref. [2].

The physical background presented in this paper is based on the
review written by R. Georges and co-workers [1] and our contribu-
tion was to automatize those magnetic susceptibility and then in-
clude into the CARDAMOMO package. It is important to stress that
the magnetic susceptibility of chains, for most of the cases, has no
analytical solution (example of exceptions are the Ising model and
classical Heisenberg chains), and the usual procedure is to obtain
a numerical solution and then fit a polynomial expression to the
numerical solution, to obtain the polynomial parameters. Then, it
is possible to fit the polynomial solution to the experimental data,
with some free parameters; usually the exchange interaction J of
the Heisenberg Hamiltonian, the Lande factor g and other param-
eters. Finally, the magnetic susceptibilities presented in this paper
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are written in μB/F .U .O e, where F .U . (Formula Unity), must have
only one magnetic ion.

The routines here introduced is able to work with eight differ-
ent chains, including uni- and duo-metallic and regular and irreg-
ular chains.

Next section presents a qualitative description of the routine,
following then by a quantitative description. Section 4 presents an
example of the usage of the routine and then the physical back-
ground, i.e., the theoretical description of the susceptibilities used
is given in Appendix A.

2. Qualitative description

There are several possible combinations for a magnetic chains.
It is possible to find both, either regular or irregular space be-
tween metallic centers (and, consequently, a sort of strength of ex-
change interaction between the first neighbors); chains with only
one (uni-metallic) or two (duo-metallic), types of metallic center
(of course, more metallic centers are also possible to find); and
much more rich systems. Thus, this routine deals with some types
of magnetic chains: regular (uni- and duo-metallic) and irregu-
lar (uni-metallic); all of them following an isotropic Heisenberg
Hamiltonian, with first neighbor interaction and J < 0 (antiferro-
magnetic arrangement).

The CARDAMOMO package [3] runs on the MatLab platform;
thus, simple type cardamomo on the MatLab console. There are
two options: (1) zero-dimensional (described in details in refer-
ence [2]), or (2) one-dimensional molecular magnets. Choose ‘2’.
Then, several options appear, as presented in Table 1.

After choose an option (and sub-options), the routine starts to
fit the theoretical curve to the ascii formatted experimental data,
that must be in the same folder as the CARDAMOMO package and
named as expr.dat. It is also important to mention that the
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Table 1
Options of the one-dimensional routine of the CARDAMOMO package.

• Regular uni-metallic
1. Isotropic Heisenberg (s = 1/2) (Bonner-Fisher).
2. Isotropic Heisenberg (s = 1).
3. Isotropic Heisenberg, classical spin (s � 5/2) (Fisher).
4. Ising.

• Regular duo-metallic
5. Isotropic Heisenberg (sA = 1/2 and 1 � sB � 5/2).
6. Isotropic Heisenberg, classical spins (sA � 5/2 and sB � 3/2) (extended Fisher).

• Irregular uni-metallic
7. Isotropic Heisenberg antiferro-antiferro (s = 1/2) ( J and α J ) (0 � α � 1).
8. Isotropic Heisenberg antiferro-ferro (s = 1/2) ( J and α J ) (−8 < α < 0).
Fig. 1. Uni-metallic regular chain scheme.

Fig. 2. Routine steps for a s = 1/2 (‘1’ as input) and s = 1 (‘2’ as input) chains. The
quantities inside brackets {} are the free parameters optimized by the routine.

Fig. 3. Routine steps for the classical regular chain. The quantities inside brackets {}
are the free parameters optimized by the routine.

fitting is performed on χ T ; and not on χ (where χ is the mag-
netic susceptibility and T the temperature).

3. Quantitative description

3.1. Uni-metallic regular chain

First, let us define a uni-metallic regular chain: obviously, only
one type of metallic ion and a regular space between those
through the chain. Fig. 1 clarifies this idea.

Before read this subsection, it is recommended to see Section 2.
Thus, to go further into either s = 1/2 or s = 1 regular chains, type
‘1’ or ‘2’, respectively. See Table 1. The next question of the CAR-

DAMOMO package is if the user wishes to include a temperature
independent (TI), contribution to the magnetic susceptibility. Type
‘1’: yes or ‘0’: no. For both cases, there is another question: include
a fraction of free ions (FI)? Type ‘1’: yes or ‘0’: no. After these an-
swers the routine starts to fit the theoretical curve to the ascii
formatted experimental data, that must be in the same folder as
the CARDAMOMO package and named as expr.dat. Fig. 2 clari-
fies these steps.

Analogously to before, the classical regular chain is also avail-
able: type ‘3’ on the main menu of the one-dimensional page
of the CARDAMOMO package. The routine then asks for the spin
value (remember, it works better for s � 5/2) and then if you need
to include a temperature independent contribution. As before, type
‘1’: yes or ‘0’: no. Finally, the routine starts to fit the theoretical
curve to the experimental data. Fig. 3 clarifies these steps.

Finally, the Ising model. Type ‘4’ on the main menu of the one-
dimensional page of the CARDAMOMO package. Then, it is possi-
Fig. 4. Routine steps for the Ising chain. ‘D’ means the direction of the applied field,
that must be along the z direction (‘1’ as input), x direction (‘2’ as input) or both
(‘3’ as input). The quantities inside brackets {} are the free parameters optimized by
the routine.

Fig. 5. Duo-metallic regular chain scheme.

Fig. 6. Routine steps for the quantum regular duo-metallic chain. The quantities in-
side brackets {} are the free parameters optimized by the routine.

ble to choose the direction in which the external applied field is.
Choose ‘1’ for B = Bz , ‘2’ for B = Bx and ‘3’ for both, in which
the susceptibility is αχz T + (1 − α)χxT . Then, the routine asks if
the user wishes to include a temperature independent contribution
(TI). As before, type ‘1’: yes or ‘0’: no. See Fig. 4.

3.2. Duo-metallic regular chain

This case is quite analogous to before, however, instead of a
unique kind of ion, the system has two different type of ions:
A and B , equally spaced through the chain. Fig. 5 clarifies this sce-
nario.

The CARDAMOMO package deals with both cases: quantum
(sA = 1/2 and 1 � sB � 5/2 – option ‘5’) and classical (works bet-
ter for sA and sB bigger then 5/2 – option ‘6’). For both cases, the
routine asks the spin value and then if the users wishes to include
a temperature independent contribution. Then, it imports the ex-
perimental data (ascii formatted data named as expr.dat and
placed in the same folder of the main routine), and starts to fit the
theoretical susceptibility to the experimental data. Figs. 6 and 7
summarize these steps.
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Fig. 7. Routine steps for the classical regular duo-metallic chain. The quantities in-
side brackets {} are the free parameters optimized by the routine.

Fig. 8. Uni-metallic irregular chain scheme.

3.3. Uni-metallic irregular chain

This case deals with a chain with only one kind of magnetic
ions, not equally spaced through the chain; i.e., there are two
exchange parameters J and α J . It is interesting, because α can
assume either positive or negative values. For positive values, the
chain has an antiferro–antiferro–antiferro (AF-AF-AF), periodicity;
while for negative values of α, the chain has an AF-F-AF periodic-
ity (F means ferromagnetic). Fig. 8 helps to see this system.

To work with these cases, there are two options on the main
menu of the one-dimensional page of the CARDAMOMO package:
‘7’, for AF-AF-AF chain, and ‘8’, for AF-F-AF chain. The routine asks
for the range of α and then if the user wishes to include TI. Fol-
lowing the questions, the routine argues about free ions and then
starts the fitting procedure. This case is able to consider the TI
contribution by means of the first derivative of the magnetic sus-
ceptibility with respect to the temperature. Fig. 9 clarifies these
steps.

4. Example

We consider as an example, an Mn2+ regular chain found in
[Mn(H2O)2(HBTC) ·(H2O)], where BTC = 1,2,4-benzenetricarboxylate.
Further details of the material can be found in Ref. [4]. These ions
are Mn2+ and therefore s = 5/2.
Thus, we can consider option ‘3’ of the main menu of the one-
dimensional routine of the CARDAMOMO package. This option, as
declared above, deals with a uni-metallic regular classical chain.

Fitting of he model to the experimental data is in Fig. 10. The
optimized parameters are J = −2.5K and g = 1.9. See Table 2 for
further details.
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Appendix A. Physical background

A.1. Uni-metallic regular chain

The Hamiltonian of this case is:

H = − J
N∑

i=1

�Si · �Si+1 − gμB

N∑
i=1

�Si · �B (A.1)

The magnetic susceptibility from this Hamiltonian has no analyt-
ical solution to the limit N → ∞; however, numerical solution is
possible considering the boundary condition

�SN+1 = �S1 (A.2)

i.e., a ring.
For s = 1/2, the numerical solution was found by Bonner and

Fisher [5], in 1964, for J < 0, and reads as:

χ = N(gμB)2

kB T

N
D

(A.3)

where

N = 0.25 + 0.074975x + 0.075235x2 (A.4)

D = 1 + 0.9931x + 0.172135x2 + 0.757825x3 (A.5)
Fig. 9. Routine steps for the uni-metallic irregular chain. The quantities inside brackets {} are the free parameters optimized by the routine.
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Fig. 10. Example of a classical regular chain of Mn2+ (s = 5/2), fitted with the CAR-

DAMOMO package.

Table 2
Step-by-step of the one-dimensional routine of the CARDAMOMO package. This ex-
ample deals with a classical uni-metallic regular chain.

Input Remark

cardamomo type this command on the MatLab console
1 to open the main menu of the one-dimensional routine
3 to choose the classical uni-metallic regular chain
return it resumes the routine after some additional information
5/2 to inform the routine the spin of the ions
0 it chooses to not include a temperature independent

contribution to the susceptibility
[2–10] these are the starting values of the Lande g factor and exchange

interaction J (measured in Kelvin)

and

x = | J |
kB T

(A.6)

Later in 1982, Meyer and coworkers [6] found a similar result,
however, for s = 1. For this case, N and D above assume:

N = 2 + 0.0194x + 0.777x2 (A.7)

and

D = 3 + 4.346x + 3.232x2 + 5.834x3 (A.8)

Further on the results, in 1964, Fisher [7], obtained an analytical
solution for the magnetic susceptibility considering classical spins
for the Hamiltonian (A.1). The susceptibility is therefore:

χ = N(gμB)2

3kB T
s(s + 1)

1 + u

1 − u
(A.9)

where

u = coth(x) − 1

x
(A.10)

and

x = J s(s + 1)

kB T
(A.11)

This case works better for s � 5/2.
Finally, a particular case is the Ising model; also described by

the Hamiltonian (A.1), however, considering only the z projection
of the 1/2 spin. When the applied magnetic field is along z direc-
tion, the magnetic susceptibility reads as:
Fig. 11. Magnetic susceptibility χ and χ T as a function of temperature, considering
g = 2 and J = −1 K, for a ring chain and several different cases.

χzz = N
(gzμB)2

4kB T
e J/2kB T (A.12)

An analytical result obtained by Kramers and Wannier in 1941 [8].
In addition, when the magnetic field is applied along the x direc-
tion (i.e., perpendicular to the spin direction), the magnetic sus-
ceptibility reads as:

χxx = N
(gxμB)2

2 J

[
tanh

(
J

2kB T

)
+

(
J

4kB T

)
sech2

(
J

4kB T

)]

The above result was obtained by Fisher [9], in 1963.
The behavior of the magnetic susceptibilities above presented

are depicted in Fig. 11.
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Fig. 12. Magnetic susceptibility χ and χ T as a function of temperature, consider-
ing g A = gB = 2 and J = −1 K, for a duo-metallic chain and two different cases:
(i) sA = 1/2 and sB = 1 (two quantum spins); and (ii) sA = 5/2 and sB = 3/2 (two
almost classical spins).

A.2. Duo-metallic regular chain

The Hamiltonian of this case is:

H = − J
N∑

i=1

�Si · �Si+1 − μB

N∑
i=1

gi �Si · �B (A.13)

where

Sodd = S A godd = g A

Seven = S B geven = gB

As before, there is no analytical solution to this system; only nu-
merical considering a ring boundary condition:

�SN+1 = �S1 (A.14)

Analogously to before, Drillon and coworkers [10], in 1989, ob-
tained a numerical solution to the magnetic susceptibility of a
duo-metallic chain with sA = 1/2 and sB = 1, with antiferromag-
netic interaction between first neighbors ( J < 0):

χ = N AB(gμB)2

kB T

N
D

(A.15)

where

N = 11 − 7.231x + 2.81693x2 − 0.0341468x3 (A.16)

D = 12 + 0.697190x + 1.29663x2 (A.17)

and

x = | J |
kB T

(A.18)

Above, N AB is the number of A–B pairs. They considered g A =
gB = g . Fig. 12 presents the behavior of the magnetic susceptibil-
ity above presented. Note there is a minimum in χ T and at low
temperatures this quantity diverges. This minimum, at Tmin and
for several values of sB (up to 5/2), is presented in Table 3. Note if
we know this minimum from the experimental data, it is possible
to obtain the exchange parameter J .

Following these ideas, we also cite the important work of
Georges and coworkers [1], that proposed a friendly expression to
the magnetic susceptibility, for sA = 1/2 and 1 � sB � 5/2. This
Table 3
Values of temperature Tmin where the minimum in
χ T occurs, for a regular duo-metallic chain with
spins sA = 1/2 and 1 � sB � 5/2. These results con-
sider g A = gB .

(sA –sB ) kB Tmin/ J

(1/2–1) 0.577
(1/2–3/2) 1.19
(1/2–2) 2.1
(1/2–5/2) 2.9

Table 4
Parameter values of Eq. (A.20), fitted to the numerical results of Ref. [11].

sB a β C ′ b

1 0.1146 1.69 1.375 0.811
3/2 0.5756 1.80 2.250 0.882
2 1.8120 1.78 3.375 0.948
5/2 4.1249 1.72 4.750 1.013

analytical expression was fitted to the numerical results obtained
by the them [11]. Georges proposal is therefore:

χ = 2N AB(gμB)2

3kB T
f (x) (A.19)

where

f (x) = axβ + C ′ exp(−bx) (A.20)

and

x = | J |
kB T

(A.21)

Above, a, b and β , are constants fitted to the numerical results of
Ref. [11] and

C ′ = C ′
A + C ′

B = 1

2

[
sA(sA + 1) + sB(sB + 1)

]
(A.22)

is proportional to the Curie constant. Again, this model considers
g A = gB . Those values of a, b, β and C ′ are in Table 4.

Stepping forward, let us now review other model: the classical
case. Drillon and coworkers [12], in 1983, obtained an analytical
expression for a duo-metallic chain of classical spins sA and sB .
They found:

χ = N ABμ
2
B

3kB T

(
ḡ2 1 + u

1 − u
+ ¯̄g2 1 − u

1 + u

)
(A.23)

where

u = coth(x) − 1

x
(A.24)

and

x = J̄

kB T
(A.25)

In addition:

ḡ = 1

2
(ḡ A + ḡB) and ¯̄g = 1

2
(ḡ A − ḡB) (A.26)

and

ḡ A = g A

√
sA(sA + 1) ḡB = gB

√
sB(sB + 1) (A.27)

J̄ = J
√

sA(sA + 1)sB(sB + 1) (A.28)

Fig. 12 presents the behavior of the magnetic susceptibility pre-
sented above.
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Table 5
Values of N and D of Eq. (A.31), for different ranges of α. Here, x = | J |/kB T .

0.4 < α � 1

N (0.25) + (−0.068475 + 0.13194α)x + (0.0042563 − 0.031670α + 0.12278α2 − 0.29943α3 + 0.21814α4)x2

D (1) + (0.035255 + 0.65210α)x + (−0.00089418 − 0.10209α + 0.87155α2 − 0.18472α3)x2 + (0.045230 − 0.0081910α + 0.83234α2 − 2.6181α3 + 1.92813α4)x3

0 � α � 0.4

N (0.25) + (−0.062935 + 0.11376α)x + (0.0047778 − 0.033268α + 0.12742α2 − 0.32918α3 + 0.25203α4)x2

D (1) + (0.053860 + 0.70960α)x + (−0.00071302 − 0.10587α + 0.54883α2 − 0.20603α3)x2 + (0.047193 − 0.0083778α + 0.87256α2 − 2.7098α3 + 1.9798α4)x3

Table 6
Values of N and D of Eq. (A.33), for different values of α. Here, y = kB T /| J |.

−2 � α � 0

N y3 + 5y2 − y + 0.05

D y4 + (5.2623 − 0.33021|α|)y3 + (0.44977 − 0.99235|α| − 0.00882|α|2 + 0.15482|α|3)y2 + (0.18948 + 0.36766|α| + 0.51001|α|2 − 0.27958|α|3)y + (0.28438
− 0.16750|α| − 0.18725|α|2 + 0.09375|α|3)

−8 � α � −2

N y3 + 5y2 + (18.49536 − 6.13263|α| + 1.63541|α|2 − 0.11494|α|3)y + (−1.47602 + 0.23810|α| − 0.03943|α|2 + 0.00185|α|3)

D y4 + (5.31957 − 0.25252|α|)y3 + (20.1290 − 7.98424|α| + 1.82750|α|2 − 0.11683|α|3)y2 + (−2.69685 + 2.71648|α| − 0.31049|α|2 + 0.00834|α|3)y + (5.11208
− 2.47824|α| + 0.45708|α|2 − 0.02687|α|3)
A.3. Uni-metallic irregular chain

The Hamiltonian of this case is:

H = − J
N∑

i=1

(�Si−1 · �Si + α�Si · �Si+1) − gμB

N∑
i=1

�Si · �B (A.29)

First, let us focus our attention to a s = 1/2 chain with AF-
AF-AF periodicity. This case was first developed, in 1968, by Duffy
and Barr [13], and then, in 1981, Hall and coworkers [14] fitted
an analytical expression to the numerical results of Duffy and Barr.
Then, Hall et al. obtained a polynomial in α and

x = | J |
kB T

(A.30)

Hall susceptibility is given by:

χ = N(gμB)2

kB T

N
D

(A.31)

It works only for J < 0 and 0 � α � 1, i.e., an AF-AF-AF chain.
Table 5 has the values of N and D.

Further results were obtained by Borras and coworkers [15], in
1994, where these authors considered an AF-F-AF chain, i.e., J < 0
and α < 0. They also fitted the numerical result; however with a
polynomial in α and

y = kB T

| J | (A.32)

Borras susceptibility is:

χ = N(gμB)2

4| J |
N

D
(A.33)

where N and D are in Table 6.
Those susceptibilities, obtained by Hall [14] and Borras [15–17]

are valid only above a certain temperature, given below:

• T > 0.25| J | for 0 � α � 1
• T > 0.09| J | for −2 � α � 0
• T > 0.15| J | for −5 � α � −2
• T > 0.20| J | for −8 � α � −5
Fig. 13. Susceptibility (top) and susceptibility times temperature (bottom), as a func-
tion of temperature for the cases: α = −4.0,−1.0,0.0,0.2,0.8,1.0. These results
are only valid for J < 0. We also presented: (i) Bonner–Fisher (dashed line – α = 1
limit), and (ii) isolated dimers (dotted line – α = 0 limit).

Finally, Fig. 13 summarizes the behavior of those susceptibili-
ties, for several values of α. We also present, for the sake of com-
pleteness, isolated dimers (corresponds to α = 0), and the Bonner–
Fisher case (corresponds to α = 1).
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