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a b s t r a c t

Studies on magnetocaloric effect generally concern ferromagnetic materials, due to their high
magnetocaloric potential near phase transitions. Recently, this effect on diamagnetic materials was
explored and oscillations on the entropy change observed as a consequence of the crossing of the Landau
levels through the Fermi energy. The present paper explores the adiabatic temperature change in
graphenes and thin films of non-relativistic diamagnetic materials and then compares the results with
those from 3D diamagnets. Applying 10 T of magnetic field, the temperature change of a gold thin film
reaches 1 K, while for bulk gold the temperature change is smaller than 6 mK. For graphenes, the
temperature change reaches 4 K with a field of �1 T.

& 2014 Published by Elsevier B.V.

1. Introduction

Magnetocaloric effect (MCE) is a thermal response of materials
to a magnetic field change. The effect is induced by a change in the
field dependent part of the entropy that enables the material to
exchange heat with a thermal reservoir, under isothermal condi-
tions, or even change its temperature, under adiabatic conditions.
Applying a field change ΔB : Bi-Bf to the material, the quantities
that characterize the effect are as follows: the entropy change
ðΔS¼ SðT ;Bf Þ�SðT ;BiÞÞ, related to the heat exchange ðΔS¼ΔQ=TÞ
under an isothermal process; and the temperature change
ðΔT ¼ Tf �TiÞ in an adiabatic process, which is ruled by the
condition SðTi;BiÞ ¼ SðTf ;Bf Þ.

The idea of using the MCE for refrigeration purposes was first
suggested by Debye [1] and Giauque [2] in the late 1920s. The
process known as adiabatic demagnetization allowed the achieve-
ment of ultra-low temperatures. Another important step for
magnetic refrigeration came in 1976, when Brown proposed and
constructed a device that is able to work near room temperature
[3]. Such device produced a temperature difference of 46 1C to
�1 1C between the hot and cold parts. Almost 20 years ago, the
discovery of the giant MCE [4] stimulated research on magneto-
caloric materials and made magnetic refrigeration a promising
technique.

As an important quantity for the MCE, the entropy change can
be expressed as

ΔSðT ;ΔBÞ ¼
Z Bf

Bi

∂M
∂T

����
B
dB: ð1Þ

The above equation shows that the entropy change is larger when
the magnetization is most affected by temperature changes, and
such situation occurs close to phase transitions. For this reason,
materials with some magnetic ordering, like ferro, antiferro and
ferrimagnets, have been widely studied.

Recently, magnetocaloric properties of diamagnetic materials
were studied and oscillations were found due to the crossing of
the Landau levels through the Fermi energy; a mechanism similar
to the one that causes oscillations on the magnetization – the so-
called de Haas–van Alphen effect. Both isothermal [5] and adia-
batic [6] processes were studied in 3D diamagnets, while the
magnetic entropy change was evaluated for those with 2D char-
acter: graphene [7], a relativistic material, and a thin film of non-
relativistic behavior [8].

The present paper deals with two-dimensional materials in
adiabatic conditions to complete the set of magnetocaloric proper-
ties, where the basic model used was a non-interacting electron
gas. In the next sections we evaluate the temperature change for
graphenes, firstly using a simple gas of Dirac electrons, and then
we add the effect of scattering from impurities. In the following
section, we treat a non-relativistic diamagnetic material. At last,
we discuss the results comparing with those from 3D diamagnets,
previously studied.
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2. Graphenes

The magnetic entropy per area of a graphene sheet is given by
[9,7]

SðT ;BÞ ¼ S0ðTÞþSoscðT ;BÞ; ð2Þ
where S0ðTÞ is the field independent term and

SoscðT ;BÞ ¼ 2NkB
1
m

∑
1

j ¼ 1

1
j
cos ðjmπÞT ðjxÞ; ð3Þ

is the oscillating field-dependent term. Above N is the density of
charge carriers, and

m¼Nϕ0

B
; ð4Þ

is related to the magnetic field, where ϕ0 ¼ πℏ=e is the magnetic
flux quantum. The thermal dependence of the entropy is con-
tained in the function

T ðxÞ ¼ xLðxÞ
sinh x

; ð5Þ

in which

LðxÞ ¼ coth x�1
x
; ð6Þ

is the Langevin function. Finally,

x¼m
N
2π

ffiffiffiffiffiffiffi
Nπ

p kBT
ℏvF

; ð7Þ

and vF is the Fermi velocity. Note that both m and x are
dimensionless.

To obtain the adiabatic temperature change we must know the
zero-field contribution to the total entropy; and we can calculate it
from the grand potential

S0ðTÞ ¼ �∂Φ0ðTÞ
∂T

: ð8Þ

The grand potential reads as

Φ0ðTÞ ¼ �kBT
Z 1

0
g0ðεÞlnð1þze�βεÞ dε; ð9Þ

where z¼ eβμ is the fugacity and g0ðεÞ the density of states. In two
dimensions, the density of states per area is [10]

g0ðεÞ ¼
2k
π

dk
dε

: ð10Þ

Above, we already included the factor of 4, which corresponds to
spin and sublattice degeneracies [11]. Electrons in graphenes
behave like relativistic massless particles; thus, they obey Dirac
equation and, as a consequence, graphene has a linear dispersion
relation near the Dirac point [12]

ε¼ ℏvFk: ð11Þ
From the above dispersion relation, the density of states becomes

g0ðεÞ ¼
2

πðℏvF Þ2
ε: ð12Þ

Once we know the density of states for a 2D gas of Dirac electrons,
we use Eq. (9) to obtain the following expression for the grand
potential in terms of the polylogarithm function

Φ0ðTÞ ¼
2k3BT

3

πðℏvF Þ2
Li3ð�zÞ: ð13Þ

At low temperature, kBT5εF , the chemical potential approaches to
the Fermi energy and z� eβεF-1. Therefore, we can use the
following expression for the polylogarithm function:

Linð�zÞ � �ðln zÞn
n!

�π2ðln zÞn�2

6ðn�2Þ! for z-1: ð14Þ

Thus, the grand potential becomes

Φ0ðTÞ ¼ � 1
3πðℏvF Þ2

ðμ3þπ2k2BT
2μÞ: ð15Þ

From the grand potential we also obtain the density of charge
carriers

N¼ �∂Φ0

∂μ
¼ 1
3πðℏvF Þ2

ð3μ2þπ2k2BT
2Þ; ð16Þ

and for T¼0, we have the relationship between the Fermi energy
and the density of charge carriers

εF ¼ ℏvF
ffiffiffiffiffiffiffi
Nπ

p
: ð17Þ

Using the above relation we could rewrite Eq. (7) in a more
compact form

x¼ 2π2m
kBT
εF

: ð18Þ

From Eqs. (8), (15) and (17), we finally obtain the zero-field
entropy

S0ðTÞ ¼
2π2Nk2BT

3εF
: ð19Þ

As stated before, it is possible to obtain the adiabatic tempera-
ture change from the condition

SðT0;0Þ ¼ SðTB;BÞ: ð20Þ
Using Eqs. (2), (3) and (19), we find

ΔT ¼ TB�T0 ¼ �6TB ∑
1

j ¼ 1
cos ðjmπÞ LðjxBÞ

sinhðjxBÞ
; ð21Þ

where xB ¼ xðTBÞ. This is a self-consistent problem since the
temperature change depends on the final temperature TB ¼
T0þΔT .

Fig. 1 presents the adiabatic temperature change as a function
of m, inversely proportional to the magnetic field. The result was
obtained with a self-consistent numerical calculation where the
sum in Eq. (21) was carried out up to j¼100. As a matter of
comparison, the same calculation was performed up to j¼1000
(not shown), and the output was the same as the one shown in
Fig. 1. Considering a typical value for the density of charge carriers
in a graphene sheet [13] N¼ 1016 m�2, we observe the oscillatory
behavior of the temperature change with an applied field B� 1 T.

Fig. 2 presents the adiabatic temperature change as a function
of the initial temperature T0. We see that, at low temperatures,
increasing T0 results in a larger temperature change up to a
maximum value that depends on the applied magnetic field.

Fig. 1. Adiabatic temperature change in graphene as a function of m¼Nϕ0=B. We
obtained the assigned values of magnetic field considering N ¼ 1016 m�2 as the
density of charge carriers.
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The values of magnetic field used correspond to the maxima of the
oscillating pattern observed in Fig. 1. Increasing the initial tem-
perature beyond the value of maximum ΔT continuously reduces
the temperature change.

3. Graphenes with impurities

We consider in this section the effect of scattering of electrons
by some defect or impurity. This process is characterized by a
scattering rate Γ. The consequence of the scattering is that the
Landau levels are broadened [14], and the broadening is taken into
account convoluting the density of Landau states with the Lorentz
distribution PΓðωÞ ¼Γ=½πðω2þΓ2Þ�. Thus, considering scattering,
the density of states is found through

gΓðεÞ ¼
Z 1

�1
PΓðω�εÞgðωÞ dω; ð22Þ

where ω is an energy variable. The procedure and all the calcula-
tions to obtain the grand potential are already reported, for
instance, in References [14,15]. The result is

ΦoscðT ;BÞ ¼
ðeBvF Þ2
πεF

∑
1

j ¼ 1

cos ðjuπÞ
ðjπÞ2

jx
sinhðjxÞe

�2πjmγ ; ð23Þ

where

u¼ ε2F �Γ2

eℏv2FB
¼mð1�γ2Þ; ð24Þ

with γ ¼Γ=εF . We need the magnetic entropy, which can be
obtained from the grand potential above, and it reads as

SoscðT ;BÞ ¼ 2NkB
1
m

∑
1

j ¼ 1

1
j
cos ðjuπÞT ðjxÞe�2πjmγ : ð25Þ

With this result we evaluate the adiabatic temperature change in
the same way as it was done in the last section, obtaining

ΔT ¼ �6TB ∑
1

j ¼ 1
cos ðjuπÞ LðjxBÞ

sinhðjxBÞ
e�2πjmγ : ð26Þ

As before, we are dealing with a self-consistent problem, which
we solved numerically. The calculated temperature change is
presented in Fig. 3, where we can see that scattering significantly
reduces the temperature change. Thus, considering a stronger
scattering, i.e., increasing the scattering rate, stronger magnetic
fields must be applied at lower temperatures in order to produce
the same temperature change.

4. Comparison with a 2D non-relativistic material

Nowwe turn our attention to 2D materials with non-relativistic
character. Such a system consists of a thin film of diamagnetic
material, previously studied considering the magnetic entropy
change [8]. The magnetic entropy of this system is

SoscðT ;BÞ ¼ 2NkB
1
n

∑
1

j ¼ 1

ð�1Þj
j

cos ðjnπÞT ðjyÞ; ð27Þ

where

n¼ εF
μBB

; ð28Þ

y¼ π2kBT
μBB

; ð29Þ

and T ðyÞ is given by Eq. (5). Note that the entropy for both
relativistic and non-relativistic systems has the same thermal
dependence.

In a gas of non-relativistic electrons the dispersion relation is

ε¼ ℏ2k2

2me
; ð30Þ

as opposed to Eq. (11) that holds for relativistic electrons in
graphene. Above, me is the electron mass. Following the same
procedure employed in Section 2 for graphenes, we use the
density of states

g0 ¼
me

2πℏ2; ð31Þ

to obtain the zero-field grand potential for the electron gas

Φ0ðTÞ ¼
mek

2
BT

2

2πℏ2 Li2ð�zÞ: ð32Þ

Considering again Eq. (14), we obtain the grand potential at low
temperatures (compared to the Fermi energy, kBT5εF )

Φ0ðTÞ ¼ � me

12πℏ2ð3μ2þπ2k2BT
2Þ: ð33Þ

From the above expression for the grand potential, we obtain the
density of charge carriers ðμ� εF Þ

N¼meεF
2πℏ2; ð34Þ

and the zero-field entropy of the system

S0ðTÞ ¼
π2Nk2BT
3εF

: ð35Þ

Fig. 2. Adiabatic temperature change in graphene as a function of the initial
temperature T0.

Fig. 3. Oscillating adiabatic temperature change in graphene considering the effect
of scattering of electrons by defects.
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Note that we found an expression very similar to the one for
graphene (Eq. (19)) despite the difference between the two
dispersion relations, and the physics behind it. From the point of
view of statistical mechanics, temperature is taken into account
through Eq. (9), and enters the same way irrespective of which
dispersion relation is considered.

Once we know the total entropy of the system, we apply the
adiabatic condition, Eq. (20), to obtain the adiabatic temperature
change

ΔT ¼ �6TB ∑
1

j ¼ 1
ð�1Þj cos ðjnπÞ LðjyBÞ

sinhðjyBÞ
; ð36Þ

with yB ¼ yðTBÞ.
Fig. 4 presents the adiabatic temperature change as a function

of the inverse of the magnetic field. We see the same oscillating
behavior observed earlier for graphenes. Considering a gold
thin film, whose Fermi energy is εF ¼ 3:62 eV, Bðn¼ 1Þ ¼
6:2539� 104 T. On the other hand, Bðn¼ 104Þ ¼ 6:2539 T, there-
fore this is the order of magnitude of n corresponding to labora-
tory fields. Within the range of n shown in Fig. 4, the field
difference between two adjacent maxima is 3.2 mT.

Fig. 5 presents the adiabatic temperature change for a gold thin
film as a function of the initial temperature. Note that the
maximum temperature change is lower than that observed for
graphene and occurs in a lower initial temperature, despite the
larger magnetic field applied.

5. Comparison with a 3D non-relativistic material

The first diamagnetic material to have its magnetocaloric
properties investigated was a 3D non-relativistic material [5,6].
Let us briefly review its properties in order to compare with the
results of the present paper. The magnetic entropy of such system
is

SoscðT ;BÞ ¼
3
2
NkB

1
n3=2 ∑

1

j ¼ 1

ð�1Þj
j3=2

cos jnπ�π
4

� �
T ðjyÞ; ð37Þ

where n and y are given by Eqs. (28) and (29), respectively. Note
that the similarity of Eqs. (3), (27) and (37), which represent,
respectively, the magnetic entropy of graphene, a 2D and a 3D
non-relativistic material. Following the same basic steps presented
here, the temperature change for this system was found to be

ΔT ¼ �3TBffiffiffi
n

p ∑
1

j ¼ 1

ð�1Þjffiffi
j

p cos jnπ�π
4

� � LðjyBÞ
sinhðjyBÞ

: ð38Þ

Fig. 6 shows the oscillating adiabatic temperature change in a
3D diamagnetic material. Let us consider gold in bulk, whose
Fermi energy is εF ¼ 5:51 eV. We can see that Bðn¼ 104Þ ¼ 9:5 T.
The field difference between two adjacent maxima in Fig. 6 is
2.1 mT.

Fig. 7 presents the adiabatic temperature change for gold in
bulk as a function of the initial temperature. The initial tempera-
ture that results in maximum temperature change for bulk gold is
slightly higher than the initial temperature for gold thin films;
however, the value of the temperature change is lower.

6. Discussion

Eqs. (3), (27) and (37) suggest that the magnetic entropy of
a d-dimensional system has the general form

SoscðT ;BÞp∑
j
ðB=jÞd=2 cos ðjα=BÞT ðjβT=BÞ; ð39Þ

irrespective of being a relativistic material by nature (graphene) or
not. Above α and β are parameters that depend on the system.
From Eqs. (19) and (35), the zero-field entropy is always linear
with temperature, considering the low temperature regime. We
can determine the general dependence of the adiabatic tempera-
ture change with the dimension of the system applying the
adiabatic condition (Eq. (20)), and the result we find is

ΔTp�TB∑
j
ðB=jÞðd=2Þ�1 cos ðjα=BÞ LðjβTB=BÞ

sinhðjβTB=BÞ
: ð40Þ

Fig. 4. Adiabatic temperature change in a 2D non-relativistic material as a function
of n.

Fig. 5. Adiabatic temperature change in a 2D non-relativistic material as a function
of T0.

Fig. 6. Adiabatic temperature change in a 3D non-relativistic material as a function
of n.
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Thus, the general magnetic dependence of the entropy is respon-
sible for the oscillating behavior found in magnetocaloric proper-
ties of 2D and 3D diamagnetic materials. We must emphasize the
interesting fact that the adiabatic temperature change for gra-
phene has the same magnetic and thermal dependence observed
for the 2D non-relativistic electron gas.

As can be seen in Figs. 5 and 7, the temperature of maximum
ΔT for gold, film and bulk, is about 1 K (such temperature is
slightly larger for bulk). With an applied field of 10 T, the
temperature change of a gold film reaches 1 K, while for bulk gold
it is smaller than 6 mK. For graphene, the temperature change
reaches 4 K with an applied field of �1 T (see Fig. 2). Also, the
effect is still comfortably observable at temperatures 10 times
larger than those for gold (film and bulk).

It was proposed before, the use of diamagnets in bulk as field
sensors [6] since they are sensitive to small field changes with a
background field of the order of 104 times larger. However, 2D
diamagnets would fit better to such application since they produce
larger temperature changes, which can be measured easier. On the
other hand, graphene would be less sensitive as a field sensor,
since its period of oscillations in ΔT is larger, but could work at
higher temperatures.

7. Conclusion

In this paper we used a non-interacting electron gas to evaluate
the adiabatic temperature change of two-dimensional diamagnetic
materials. We considered two systems, namely a relativistic
material, graphene, and a non-relativistic one, consisting of a thin
film of diamagnetic material; and compared them with a 3D
diamagnet. The adiabatic temperature change of all systems
presents the same magnetic and thermal dependence. The relati-
vistic nature of electrons in graphene, which is governed by the
Dirac equation, does not produce additional effects. For the case of
graphene, we also considered the effect of scattering from impur-
ity, which strongly reduces the temperature change. At the same
conditions of temperature and field, a gold film exhibits a larger
temperature change than bulk gold. On the other hand, graphene
exhibits even larger temperature changes at higher temperatures
and smaller fields.
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