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a b s t r a c t

Some materials have a large gap between the ground and first excited states. At temperatures smaller than
the gap value, the thermodynamic properties of such materials are mainly ruled by the ground state. It is
also common to find materials with magnetocrystalline anisotropy, which arises due to interatomic
interactions. The present paper uses a classical approach to deal large angular momenta in such materials.
Based on analytical expressions for the thermodynamics of paramagnetic gapped anisotropic multiplets,
we use mean field theory to study the influence of the anisotropy upon the properties of interacting
systems. We also use Landau theory to determine the influence of the anisotropy in first and second order
phase transitions. It is found that the anisotropy increases the critical temperature, and enlarges the
hysteresis of first order transitions. We present analytical expressions for the quantities analyzed.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Materials with a large energy gap Δ between the ground and
first excited states are common, and for single-molecule magnets
(SMMs) this gap may reach dozens of Kelvin. An example is the
SMM Fe4 [1], for which Δ¼ 86 K. For these materials, when the
temperature is smaller than the gap value, i.e., kBT⪡Δ, all thermo-
dynamic properties are ruled by the ground state.

For SMMs the zero-field splitting tensor removes the 2Sþ1
degeneracy even in the absence of a magnetic field, and creates a
magnetic anisotropy. The zero-field splitting is expressed by the
Hamiltonian [2–4]

H¼ �DS2z : ð1Þ

The above Hamiltonian may seem to be simple but there are SMMs
for which Eq. (1) works perfectly [1].

Furthermore, it is well known that a spin larger than c.a. 5/2 has
too many components in the quantization direction that its thermo-
dynamic quantities resemble those of classical states, which have
continuous energy spectra. Thus, we will deal with a classical
approach. For instance, the ground state of the SMM Mn12 has a
spin S¼10. There are also compounds with extremely high spin
values, like the molecule Mn19, with a spin S¼ 83=2 on the ground
state [5]. Within this scenario, we explored the thermodynamics of
gapped anisotropic multiplets using a classical approach, and derived
expressions for the thermodynamic quantities of such materials.

Several works propose the use of SMMs in different areas, such
as high-density data storage devices [6], quantum computing [7],

and low temperature refrigeration [8]. The high flexibility of use in
different fields of research proves the importance of these materi-
als. For refrigeration purposes, many groups have been searching
materials with better magnetocaloric properties [9,10]. From the
theoretical point of view, there are no models to understand
magnetocaloric properties of SMMs, and the standard procedure
is to develop numerical calculations [11–13].

Hereupon, the aim of the present work is to provide a model for
magnetic properties of SMMs. The model we present is useful to
describe magnetocaloric properties of SMMs (to be published else-
where). We present analytical expressions for the quantities analyzed.
We studied therefore the influence of the local magnetocrystalline
anisotropy upon the critical temperature and other parameters of
interest; as, for instance, the hysteresis width of a first order phase
transition. We used Landau theory to further understand the proposed
model. It is important to emphasize that Landau theory is commonly
used by other authors to describe, for instance, magnetocaloric
properties of materials that present first order transitions [14–16].

In the next section, we deduce the magnetization that
describes the behavior of paramagnetic gapped anisotropic multi-
plets. Then, we introduce interaction using mean field theory and
discuss the influence of the local magnetocrystalline anisotropy
upon the critical temperature. At last, we employ Landau theory to
determine the role played by the local magnetocrystalline aniso-
tropy in first and second order phase transitions.

2. Paramagnetic magnetization

The model we consider consists of the axial anisotropy of
Eq. (1) plus a Zeeman term. The total Hamiltonian is therefore

H¼ gμBSzB�DS2z ; ð2Þ
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where the magnetic field is applied along the z-axis. Regarding the
spin as a classical vector that makes an angle θ with the z-axis, we
consider Fisher's assumption [17] to write

Sz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
cos θ: ð3Þ

The energy of the system is then

E¼ gμBB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
cos θ�DSðSþ1Þ cos 2 θ: ð4Þ

When the spin is large it has many z components and the angle θ
approaches a continuum ranging from 0 to π. This classical
approximation is exact for infinite spin, nevertheless, it works
well for spins larger than 5/2 [2,18]. The model we are considering
works, for example, for the SMM Mn12 [19].

The partition function can then be evaluated

Zðx; yÞ ¼
Z 2π

0

Z π

0
expðx cos 2 θ�y cos θÞ sin θ dθ dϕ; ð5Þ

where the dimensionless parameters

x¼DSðSþ1Þ
kBT

; ð6Þ

and

y¼ g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
μBB

kBT
; ð7Þ

take account, respectively, on the anisotropic and magnetic ener-
gies in comparison to the thermal one. After integration we obtain

Zðx; yÞ ¼ 2π
exffiffiffi
x

p G; ð8Þ

where

G¼ eyFðuþ Þþe�yFðu� Þ; ð9Þ

u7 ¼ 2x7y
2
ffiffiffi
x

p ; ð10Þ

and

FðzÞ ¼ e� z2
Z z

0
et

2
dt ð11Þ

is the Dawson function [20]. An important feature of the Dawson
function that will be useful later is its asymptotic behavior

FðzÞ⟶z-0
z; ð12Þ

FðzÞ⟶z-1 1
2z

: ð13Þ

Magnetization can be obtained from the partition function as
follows:

M¼ kBT
∂ ln Z
∂B

: ð14Þ

Thus the ground state magnetization of a gapped anisotropic
multiplet with high spin momentum is given by

Mðx; yÞ ¼MSmðx; yÞ; ð15Þ

where

MS ¼ g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
μB; ð16Þ

is the saturation magnetization and

mðx; yÞ ¼ sinh y
G ffiffiffi

x
p � y

2x
; ð17Þ

is the normalized and dimensionless magnetization.

3. Mean field approach

Magnetization in Eq. (17) is paramagnetic, i.e., MðB¼ 0Þ ¼ 0,
and therefore, considering the limit B-0, necessarily M-0. Thus,
this limit and the mean field approach allow us to obtain the
critical temperature. Within the mean field approach, Eq. (7) must
be rewritten as

y¼ MS

kBT
ðB0þλMÞ: ð18Þ

Fig. 1 presents magnetization as a function of temperature,
obtained numerically with Eq. (17) using the mean field approach.

Now, let us write the magnetization as a power series of the
magnetic field

mðx; yÞ ¼ 1
2x

ffiffiffi
x

p

Fð ffiffiffi
x

p Þ�1
� �� �

yþ ð3þ2xÞFð ffiffiffi
x

p Þ�3
ffiffiffi
x

p

24x3=2F2ð ffiffiffi
x

p Þ

" #
y3

þ 1

960x5=2F3ð ffiffiffi
x

p Þ
½30x�15

ffiffiffi
x

p ð3þ2xÞFð ffiffiffi
x

p Þ
(

þð15þ20xþ4x2ÞF2ð ffiffiffi
x

p Þ�
)
y5; ð19Þ

where, for while, we will use only the first order term. Replacing
Eq. (18) into the above magnetization, and considering the
external field B0 ¼ 0, we obtain the condition

λg2μ2B
2D

ffiffiffi
x

p

Fð ffiffiffi
x

p Þ�1
� �����

T ¼ Tc

¼ 1 ð20Þ

that defines the critical temperature. However, we cannot obtain
Tc explicitly, since the Dawson function does not have inverse.
Nevertheless, we overcome this difficulty considering the approx-
imations x⪡1 and x⪢1. These conditions must be understood as
situations in which the anisotropic energy is, respectively, smaller
or larger than the thermal energy.

First, let us deal with the case of weak anisotropy, x⪡1. The
magnetization of Eq. (19) can be rewritten as (considering only the
OðyÞ term)

mðx; yÞ ¼ y
3

1þ4x
15

� �
; ð21Þ

and then

Tc

Tc0
¼ 1
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16x0
15

þ1

r !
: ð22Þ

Fig. 1. Numerical magnetization as a function of temperature for several values of
anisotropy, from Eq. (17) and mean field approach. The anisotropy is written in
terms of x0, which is defined in Eq. (24).
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Above

Tc0 ¼
λM2

S

3kB
ð23Þ

is the critical temperature of the standard Langevin magnetization
within the mean field approach, and

x0 ¼
DSðSþ1Þ
kBTc0

¼ 3D
λg2μ2B

ð24Þ

measures the ratio between anisotropic and mean field energies.
Analogous to before, let us now consider the strong anisotropy

case, x⪢1. With this condition, magnetization of Eq. (19) becomes

mðx; yÞ ¼ y 1� 1
2x

� �
; ð25Þ

and the critical temperature reads as

Tc

Tc0
¼ 6x0
2x0þ3

: ð26Þ

Fig. 2 presents the critical temperature, obtained numerically
from Eq. (20), along a wide range of the parameter x0. Eqs. (22) and
(26) are in agreement with these numerical calculations. Note the
critical temperature ranges between Tc0 and 3Tc0, and this fact will
be discussed below. In addition, small values of x0 almost do not
change the critical temperature. It is reasonable to have the critical
temperature raised by the anisotropy: the anisotropic energy links
the spins to the direction of anisotropy. In order to place these
spins out of the anisotropy direction, we need a thermal energy as
strong as the anisotropic energy. The critical temperature mea-
sures the energy needed to set the spins randomly oriented. Thus,
when the anisotropy becomes stronger the critical temperature is
raised. For stronger anisotropy, the critical temperature does not
grow indefinitely. Once the anisotropy is strong enough to attach
all spins to the easy magnetization direction, a further increase in
the anisotropic energy does not imply a higher thermal energy to
demagnetize the system.

4. Landau approach

Landau theory is useful to describe phase transitions. Bearing in
mind that in a phase transition the order parameter goes to zero,
we may regard the free energy as a power series of the magne-
tization [21]

FðT ;D;B0;mÞ ¼ �g1mþ1
2 g2m

2þ1
4 g4m

4þ1
6 g6m

6; ð27Þ

where the gi coefficients are functions of temperature and other
parameters of the system.

4.1. Second order phase transition

First, let us consider Eq. (27) up to fourth order (g6 ¼ 0). In
order to guarantee that the free energy has a stable minimum,
the fourth order term, g4, must be positive. On the other hand, the
second order term, g2, can be either positive or negative. For the
first case, it produces a minimum of the free energy at m¼0; while
for the second case, it gives a minimum at ma0. As a conse-
quence, this term must vanish at the critical temperature. Thus

g2 ¼ αðT�TcÞ; g440; g6 ¼ 0: ð28Þ
From the equilibrium condition, ∂F=∂m¼ 0, the zero field equili-
brium magnetization reads as [4] m¼0, for T4Tc, and

m7 ¼ 7

ffiffiffiffiffiffiffiffiffiffi
�g2
g4

r
; ð29Þ

for ToTc . The magnetization under an external force g1 at T ¼ Tc

reads as [4]

m¼ g1
g4

� �1=3

: ð30Þ

To connect the above magnetization (Eqs. (29) and (30)) with
the present study, let us consider the magnetization as a function
of x and y

M¼Mðx; yÞ: ð31Þ
The inverse function is

y¼ yðM; xÞ; ð32Þ
that can be rewritten as

y¼ ∂
∂M

Z M

0
yðM0; xÞ dM0: ð33Þ

Within the mean field approximation, the above equation reads as

kBT
MS

∂
∂M

Z M

0
yðM0; xÞ dM0

� �
�B0�λM ¼ 0¼ ∂F

∂M
: ð34Þ

After integration of the above equation, we obtain the free energy

F ¼ kBT
MS

Z M

0
yðM0; xÞ dM0 �B0M� λ

2
M2: ð35Þ

This is a recipe to find the free energy as a power series of the
magnetization. Now we return to Eq. (19), up to the third order
term, and then evaluate its inverse series. Thus

yðM; xÞ ¼ 2xFð ffiffiffi
x

p Þ
MS½

ffiffiffi
x

p �Fð ffiffiffi
x

p Þ�M

� 2x5=2F2ð ffiffiffi
x

p Þ
3M3

S ½
ffiffiffi
x

p �Fð ffiffiffi
x

p Þ�4
½ð3þ2xÞFð ffiffiffi

x
p Þ�3

ffiffiffi
x

p �
( )

M3: ð36Þ

The above result into Eq. (35) provides the free energy in the form
of Eq. (27). We could then identify

g1 ¼MSB0; ð37Þ

g2 ¼
2kBTxFð

ffiffiffi
x

p Þffiffiffi
x

p �Fð ffiffiffi
x

p Þ �λM2
S ; ð38Þ

g4 ¼
2kBTx

5=2F2ð ffiffiffi
x

p Þ
3½ ffiffiffi

x
p �Fð ffiffiffi

x
p Þ�4 ½3

ffiffiffi
x

p �ð3þ2xÞFð ffiffiffi
x

p Þ�: ð39Þ

We may obtain the critical temperature from g2, since, at that
temperature, it must vanish. However, this leads to Eq. (20) that
defines the critical temperature. Thus, as before, we must use the
conditions of weak and strong anisotropy to avoid the difficulty of
inverting the Dawson function.

Fig. 2. Tc=Tc0 as a function of the ratio between anisotropic and mean field
energies. Data obtained from Eq. (20) (open circles), mean field using the
conditions of weak (dotted line) and strong (solid line) anisotropies and Landau
theory (dashed line).
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First, for x⪡1, the critical temperature obtained from Eq. (38) is

Tc

Tc0
¼ 1þ4x0

15
: ð40Þ

The above equation and Eq. (22) are different. Nevertheless,
Eq. (22) recovers Eq. (40) for x0⪡1 limit.

For x⪡1, the critical temperature from Eq. (38) reads as

Tc

Tc0
¼ 6x0
2x0þ3

; ð41Þ

which is exactly the result found earlier (Eq. (26)). The depen-
dence of the critical temperature with the anisotropy, as well as its
physical significance, was already discussed in the last section.

Fig. 3 presents the magnetization as a function of temperature
obtained for both, numerical calculation (from Eq. (17) and mean
field approach) and Landau theory (Eqs. (38) and (39) into
Eq. (29)). It was evaluated for two different anisotropies (different
x0 with constant λ) and in both cases Landau magnetization agrees
with the numerical calculation in the region near the critical
temperature.

Fig. 4 presents the magnetization as a function of magnetic
field at the critical temperature for two values of anisotropy. Note
the agreement between Landau magnetization, given by Eq. (30),
and that obtained numerically, for the regionwhere magnetization
is small.

4.2. First order phase transition

To obtain first order transitions, let us consider the free energy
expansion of Eq. (27) with a negative fourth order term. As a
consequence, a positive sixth order term is needed to ensure a
stable minimum. As before, the second order term can be either
positive or negative. Thus

g2 ¼ α2ðT�T2Þ; ð42Þ

g4 ¼ α4ðT�T4Þo0; ð43Þ

g6 ¼ α6ðT�T6Þ40: ð44Þ
Although the above definition is not the only possible way to
produce a first order transition, with this definition the model is
valid for T6oToT4. The equilibrium condition, ∂F=∂m¼ 0, has
five roots, corresponding to two maxima and three minima of the
free energy. The critical temperature is reached when the three
minima are equally deep. Above the critical temperature, the
temperature at which the maximum turns to an inflection point
is called superheating temperature, Tsh. Below the critical

temperature, the minimum at m¼0 changes concavity: it happens
when g2 vanishes, and this temperature is called supercooling
temperature, Tsc. Thus, in the absence of an external field Tsc ¼ T2.
Considering these definitions, at the critical and superheating
temperatures, the gi coefficients have the following relationship
[4]:

g2 ¼ ζ
g24
g6
; with ζ¼

3=16 for T ¼ Tc;

1=4 for T ¼ Tsh:

(
ð45Þ

It is possible to show that, when the coefficients g2, g4 and g6 have
the form of Eqs. (42)–(44), then Tc and Tsh obey

Tc=sh ¼
1

2ðΓc=sh�1Þ
n
Γc=shðT2þT6Þ�2T4

þ½Γ2
c=shðT2�T6Þ2�4Γc=shðT2�T4Þ � ðT4�T6Þ�1=2

o
; ð46Þ

where

Γc=sh ¼
α2α6
α24ζ

: ð47Þ

Analogous to before, to connect the above equations to the
present study, the M3 term in the mean field approximation must
be considered. Thus, Eq. (35) becomes

F ¼ kBT
MS

Z M

0
yðM0; xÞ dM0 �B0M� λ

2
M2�λ0

4
M4: ð48Þ

Alho et al. [15] present a similar expression for the free energy
while studying first order transitions associated with magnetoe-
lastic interaction. The inverse magnetization of Eq. (19), up to
Oðy5Þ, into Eq. (48) leads to

g2 ¼
2kBTxFð

ffiffiffi
x

p Þffiffiffi
x

p �Fð ffiffiffi
x

p Þ �λM2
S ; ð49Þ

g4 ¼
2kBTx

5=2F2ð ffiffiffi
x

p Þ
3½ ffiffiffi

x
p �Fð ffiffiffi

x
p Þ�4 ½3

ffiffiffi
x

p �ð3þ2xÞFð ffiffiffi
x

p Þ��λ0M4
S ; ð50Þ

g6 ¼
kBTx

7=2F3ð ffiffiffi
x

p Þ
15½ ffiffiffi

x
p �Fð ffiffiffi

x
p Þ�7½60x

3=2�15xð7þ6xÞFð ffiffiffi
x

p Þ

þ2
ffiffiffi
x

p ð15þ35xþ18x2ÞF2ð ffiffiffi
x

p Þ
þð15þ20xþ4x2ÞF3ð ffiffiffi

x
p Þ�: ð51Þ

Let us consider, once more, the limiting anisotropy regimes
considered before. In both cases, gi have the form of Eqs. (42)–
(44). For x⪡1, αi and Ti are found to be

α2 ¼ 3kB; T2 ¼
λM2

S

3kB
þ4DSðSþ1Þ

15kB
; ð52Þ

Fig. 3. Magnetization as a function of temperature obtained numerically from
Eq. (17) and mean field approximation (solid lines) and Landau approach (dashed
lines), from Eq. (29).

Fig. 4. Magnetization as a function of magnetic field obtained numerically from
Eq. (17) and mean field approximation (solid lines), and Landau approach (dashed
lines), from Eq. (30).
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α4 ¼
9kB
5

; T4 ¼
5λ0M4

S

9kB
þ32DSðSþ1Þ

105kB
; ð53Þ

α6 ¼
297kB
175

; T6 ¼
16DSðSþ1Þ

55kB
: ð54Þ

The parameters to find the critical temperature and the super-
heating temperature are (from Eq. (47))

Γc ¼ 176
21 ; Γsh ¼ 44

7 : ð55Þ

On the other hand, Eqs. (49)–(51) in regime x⪢1 leads to

α2 ¼ kB; T2 ¼
λM2

S

kB
; ð56Þ

α4 ¼
kB
3
; T4 ¼

3λ0M4
S

kB
; ð57Þ

α6 ¼
kB
5
; T6 ¼ 0: ð58Þ

And thus

Γc ¼ 48
5 ; Γsh ¼ 36

5 : ð59Þ

Fig. 5 presents the hysteresis width, ΔT ¼ Tsh�Tsc, as a function
of the anisotropy, once we used a constant λ. For the sake of
illustration, the inset of Fig. 5 presents the characteristic thermal
hysteresis of magnetization for x0 ¼ 10�2. Data presented were
obtained numerically from Eq. (17) considering the M3 term in the
mean field approach. For temperatures ranging from Tsc up to Tsh,
the free energy exhibits a local minimum which corresponds to a
metastable state. This metastability is responsible for the thermal
hysteresis; the existence of two energy minima gives the system
different magnetizations depending on whether it is being cooled
or warmed. The supercooling temperature from the Landau
approach agrees with the numerical value, and the same does
not happen to the superheating temperature. The reason is that
when the system reaches the supercooling temperature its mag-
netization is zero, thus within the regime of validity of Landau
theory. On the other hand, when the system reaches the super-
heating temperature its magnetization is close to the saturation
value, thus Landau theory is not valid.

5. Final remarks

Regarding the way we employed the mean field approach, the
model presented here works for ferromagnets. The material must
also meet the conditions described in Section 1: a large gap
between the ground and first exited states, a magnetocrystalline
anisotropy given by Eq. (1) and a large angular momentum on the
ground state. Materials cited in Section 1, e.g., Fe4 and Mn12, meet
these conditions and thus can be supported by the model.

Within the mean field approach, we described the dependence
of the critical temperature on the anisotropy – it increases the
critical temperature up to three times the value with no aniso-
tropy. Employing Landau theory, it is possible to describe the
temperature and field dependence of the magnetization. We found
a good agreement between the Landau approach and the numer-
ical calculation within the region that the theory is valid. We also
found that the anisotropy enlarges the thermal hysteresis of first
order phase transitions. We present expressions describing the
influence of the anisotropy upon quantities such as the critical
temperature of first and second order transitions, and the super-
cooling temperature of first order transitions. The beauty of the
model is that it offers analytical expressions for the quantities
analyzed, even though these expressions are not always simple.
The only flaw of the model is the lack of analytical description in
the intermediate anisotropy region, because of the approximations
x⪡1 and x⪢1 we carried out. However, it happens due to the
mathematical complexity of the magnetization we worked with.
To conclude, the analytical expressions obtained here can be useful
to understand and characterize magnetic materials. The results
obtained are applicable to SMMs, a large class of materials that are
of wide interest in several fields of research.

References

[1] A. Caneschi, L. Cianchi, F.D. Giallo, D. Gatteschi, P. Moretti, F. Pieralli, G. Spina,
J. Phys.: Condens. Matter 11 (1999) 3395.

[2] O. Kahn, Molecular Magnetism, VCH Publishers, New York, 1993.
[3] R. Boca, Theoretical Foundations of Molecular Magnetism, Elsevier, New York,

1999.
[4] M.S. Reis, Fundamentals of Magnetism, Elsevier, New York, 2013.
[5] A.M. Ako, I.J. Hewitt, V. Mereacre, R. Clrac, W. Wernsdorfer, C.E. Anson,

A.K. Powell, Angew. Chem. Int. Ed. 45 (2006) 4926.
[6] M. Cavallini, J. Gomez-Segura, D. Ruiz-Molina, M. Massi, C. Albonetti, C. Rovira,

J. Veciana, F. Biscarini, Angew. Chem. Int. Ed. 44 (2005) 888.
[7] M.N. Leuenberger, D. Loss, Nature 410 (2001) 789.
[8] R. Sessoli, Angew. Chem. Int. Ed. 51 (2012) 43.
[9] M. Manoli, A. Collins, S. Parsons, A. Candini, M. Evangelisti, E.K. Brechin, J. Am.

Chem. Soc. 130 (2008) 11129.
[10] J.W. Sharples, Y.-Z. Zheng, F. Tuna, E.J.L. McInnes, D. Collison, Chem. Commun.

47 (2011) 7650.
[11] C. van Wüllen, J. Chem. Phys. 130 (2009) 194109.
[12] E. Cremades, S. Gómez-Coca, D. Aravena, S. Alvarez, E. Ruiz, J. Am. Chem. Soc.

134 (2012) 10532.
[13] J.-L. Liu, W.-Q. Lin, Y.-C. Chen, S. Gómez-Coca, D. Aravena, E. Ruiz, J.-D. Leng,

M.-L. Tong, Chem.—Eur. J. 19 (2013) 17567.
[14] A.M.G. Carvalho, A.A. Coelho, S. Gama, F.C.G. Gandra, P.J. von Ranke, N.A. de

Oliveira, Eur. Phys. J. B 68 (2009) 67.
[15] B. Alho, N. de Oliveira, V. de Sousa, S. Gama, A. Coelho, A.M.G. Carvalho, P. von

Ranke, Solid State Commun. 152 (2012) 951.
[16] J.H. Belo, J.S. Amaral, A.M. Pereira, V.S. Amaral, J.P. Araújo, Appl. Phys. Lett. 100

(2012) 242407.
[17] M.E. Fisher, Am. J. Phys. 32 (1964) 343.
[18] T. Smith, S.A. Friedberg, Phys. Rev. 176 (1968) 660.
[19] B.J. Kim, B.J. Suh, S. Yoon, S.H. Phark, Z.G. Khim, J. Kim, J.M. Lim, Y. Do, J. Korean

Phys. Soc. 45 (2004) 1593.
[20] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Dover

Publications, Cambridge, 1972.
[21] L.D. Landau, E.M. Lifshitz, Statistical Physics, Part 1, Pergamon Press, New York,

1980.

Fig. 5. Hysteresis width as a function of the anisotropy. Inset: hysteresis loop of
magnetization, evaluated numerically (symbols) and from the Landau approach
(line). The arrows show the path followed by the magnetization.
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