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Abstract

We study height and roughness distributions of films grown with discrete Kardar–Parisi–Zhang (KPZ) models in a small time regime
which is expected to parallel the typical experimental conditions. Those distributions are measured with square windows of sizes
8 6 r 6 128 gliding through a much larger surface. Results for models with weak finite-size corrections indicate that the absolute value
of the skewness and the value of the kurtosis of height distributions converge to 0.2 6 jSj 6 0.3 and 0 6 Q 6 0.5, respectively. Despite the
low accuracy of these results, they give additional support to a recent claim of KPZ scaling in oligomer films. However, there are sig-
nificant finite-size effects in the scaled height distributions of models with large local slopes, such as ballistic deposition, which suggests
that comparison of height distributions must not be used to rule out KPZ scaling. On the other hand, roughness distributions of the same
models show good data collapse, with negligible dependence on time and window size. The estimates of skewness and kurtosis for rough-
ness distributions are 1.7 6 S 6 2 and 3 6 Q 6 7. A stretched exponential tail was found, which seems to be a particular feature of KPZ
systems in 2 + 1 dimensions. Moreover, the KPZ roughness distributions cannot be fitted by those of 1/fa noise. This study suggests that
the roughness distribution is the best option to test KPZ scaling in the growth regime, and provides quantitative data for future com-
parison with other models or experiments.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In order to understand the basic mechanisms of thin
films or multilayer growth, it is helpful to compare the scal-
ing properties of their surfaces with those of statistical
growth models, which are able to represent such features
without considering all details of the microscopic interac-
tions [1–3]. The usual starting point for this comparison
is to measure the surface roughness and the associated scal-
ing exponents. The local roughness w(r, t) is defined as the
rms fluctuation of the interface height averaged over win-
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dows of linear size r spanning the surface at time t. For
fixed t, it scales as w � ra for r� L, where a is the rough-
ness exponent and L is the total surface length. On the
other hand, the global roughness n(t) is defined as the
rms height fluctuation over the whole surface [w(r, t) for
r! L], and scales as n � tb, where b is called the growth
exponent. Instead of the local roughness w, one may use
height–height correlation functions, which have similar
scaling properties.

A large number of experimental works have already ob-
tained scaling exponents consistent with those of the Kar-
dar–Parisi–Zhang (KPZ) theory [4] – see e.g. Refs. [5–12].
However, the available scaling region of experimental data
is usually very small, including less than one order of mag-
nitude of length or time. In some cases, a crossover from

mailto:tclp@if.ufrj.br
mailto:reis@if.uff.br


420 T. Paiva, F.D.A. Aarão Reis / Surface Science 601 (2007) 419–424
another dynamics to KPZ is suggested [13–16]. The difficul-
ties to find accurate scaling laws for the local roughness are
also present in the study of growth models [17], thus the
main limitation is the method and not the nature (experi-
mental or theoretical) of the data. At this point, the meth-
ods that provide accurate estimates of exponents for
theoretical models are not helpful because they usually
consider steady state data, where film thicknesses are very
large and the full system is highly correlated (t/Lz� 1,
where z = a/b is the dynamic exponent). However, this re-
gime is not typical of experiments, where the thickness and
the lateral correlation length are much smaller than the
lateral size of the deposit (t/Lz� 1).

This scenario motivates the proposal of alternative or
complementary approaches to compare results of theoreti-
cal models and experimental data in the growth regime.
Two alternatives are suggested by recent theoretical work:
the study of the full height distributions [18–20], and the
study of the full roughness distributions [21–26]. For in-
stance, steady state roughness distributions of Gaussian
interfaces were already helpful in the analysis of some con-
troversial systems [27–29] and in the fit of experimental dis-
tributions of depinning interfaces [30]. Moreover, height
distributions for KPZ systems in 1 + 1 dimensions [31]
were observed to fit those of combustion fronts propagat-
ing in sheets of paper [7], in the growth and in the steady
state regimes. However, as far as we know, for three-
dimensional (2 + 1-dimensional) KPZ systems, the cur-
rently available numerical results are limited to steady state
distributions [19,20,26]. On the other hand, experience in
1 + 1 dimensions shows that roughness distributions of
EW interfaces in the growth regime are very different from
the steady state ones [23], and that KPZ scaling is also very
different in these regimes [32,33].

In this work, we will analyze numerical data of height
and roughness distributions of discrete KPZ models in
the growth regime (t/Lz� 1) in 2 + 1 dimensions. Our
aims are to test the reliability of those distributions to
determine the KPZ universality class and to provide a set
of quantitative data for comparison with other systems.
In order that these results can be compared with experi-
mental data, we will calculate distributions in narrow win-
dows gliding through a much larger substrate. In other
words, we will adopt the so-called window boundary con-
ditions (WBC) [24].

First we will show discrepancies in the scaled height dis-
tributions of three discrete KPZ models, although the esti-
mates of the absolute value of the skewness and of the
kurtosis are not very different when two of them are com-
pared. Despite having a large error bar, the estimate of the
skewness for these models agrees with that of Refs. [9,10]
for oligomer films. However, the data for the third model
(ballistic deposition) exhibit strong finite-size corrections,
which suggests that the height distribution cannot be used
to rule out KPZ growth. On the other hand, we will show
that roughness distributions in WBC show weak finite-size
and finite-time corrections, providing a good data collapse
for all KPZ models analyzed here. Estimates of the skew-
ness and kurtosis of the universal distribution in the growth
regime will be provided here, which we expect to be helpful
for future identification of the KPZ universality class in
experiments.

The rest of this work is organized as follows. In Section
2, we will present the theoretical models considered here
and details of the simulation procedure. In Section 3, we
will present the results for the heights distributions. In
Section 4, we will present the results for the roughness
distributions. In Section 5 we summarize our results and
present our conclusions.

2. The KPZ equation and the lattice models

The Kardar–Parisi–Zhang equation [4]

oh
ot
¼ mr2hþ k

2
ðrhÞ2 þ gð~x; tÞ; ð1Þ

was proposed as a hydrodynamic description of processes
where the local slope of the surface has significant effects
on the growth velocity. In Eq. (1), m is a surface tension,
k represents the excess velocity (due e.g. to lateral growth)
and g is a Gaussian white noise. For growth in two-dimen-
sional substrates, no exact solution is currently available,
and the best known estimates of KPZ exponents,
a � 0.39 and b � 0.23, were obtained numerically [19,20].

Several stochastic lattice models, which are designed to
represent microscopic aggregation processes, belong to
the KPZ class, i.e. in the limit of large lengths and long
times they are described by the KPZ equation. In this
work, we will consider four models in this class: two re-
stricted solid-on-solid (RSOS) models [34], the etching
model of Mello et al. [35] and ballistic deposition (BD).
In the RSOS model, the incident particle may stick at the
top of the column of incidence if the differences of heights
between neighboring columns do not exceed a certain value
DhMAX. Otherwise, the aggregation attempt is rejected.
Here, we will consider the cases DhMAX = 1 and DhMAX =
2, hereafter called RSOS and RSOS2, respectively. The
etching model of Mello et al. [35] is considered in its growth
version: at each growth attempt, a column (x,y), with cur-
rent height h(x,y) � h0, is randomly chosen; subsequently,
its height is increased by one unit (h(x,y)! h0 + 1), and
any neighboring column whose height is smaller than h0

grows until its height becomes h0. Finally, in BD, each inci-
dent particle is released from a randomly chosen position
far above the substrate, follows a trajectory perpendicular
to the surface and sticks upon first contact with a nearest
neighbor occupied site [36,37].

In all models, one time unit corresponds to L2 random
selections of columns of incidence in a lattice of linear size
L, independently of the average height increase. Simula-
tions were done in lattices with L = 1024, up to times
tmax = 8 · 103 for the RSOS, RSOS2 and BD models and
tmax = 6 · 103 for the etching model. Nearly 100 different
deposits were generated for each model, starting from flat
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substrates. Our previous experience with simulation of
those models [20,26] show that these times are sufficiently
small compared to the relaxation times to the steady states,
so that the deposits are certainly in the growth regime. Peri-
odic boundary conditions were considered, but they are not
expected to affect our conclusions because we have ana-
lyzed results from windows sizes much smaller than L

and the lateral correlation lengths are also much smaller
than L.

At time intervals typically Dt = 1000, the local rough-
ness and height distributions were collected for various
window sizes r, with square windows. To be more precise,
we calculated Ph(Dh) and Pw(w2), so that Ph(Dh)dh is the
probability that the height relative to the window average
(Dh ¼ h� h) is in the interval [Dh,Dh + dh], and Pw(w2)dw2

is the probability that the squared roughness w2 is in the
interval [w2,w2 + dw2]. For each r, the center of the window
was allowed to occupy all columns of the substrate, and
height fluctuations inside that window were measured.
For small r, a large number of different microscopic envi-
ronments is present in a large lattice and, consequently,
accurate results are obtained with a small number of real-
izations of the growth process.

3. Height distributions

In the analysis of the height distributions of KPZ mod-
els, one should care about the consequences of the symme-
try of the KPZ Eq. (1) under the transformation h!�h,
k!�k [20]. While RSOS models are represented by
KPZ equations with negative k, BD and the etching model
have positive k [20,33]. Thus the transformation h!�h

should be applied to one of these sets of models for the
comparison of their height distributions.
Fig. 1. Normalized height distributions rhPh(±Dh) as a function of ±Dh/
rh for r = 128 and t = 4000, where Dh � h � hhi and rh is the rms
fluctuation of Dh. Plus signs for etching model (empty squares) and BD
(full triangles), minus signs for RSOS model (solid curve).
In Fig. 1 we show a log-linear plot of the height distribu-
tions for the RSOS, the etching and the BD models at
t = 4000 and window size r = 128. Ph(Dh) is shown for
models with k > 0 (etching and BD) and Ph(�Dh) is shown
for the model with k < 0 (RSOS). We do not observe a very
good data collapse between the data for these models, but
only a reasonable agreement near the peaks. Deviations of
the BD distribution are particularly large in its tails. Dis-
crepancies are found in other window sizes, and they are
larger for BD.

A quantitative characterization of each distribution can
be done by estimating the skewness

S � hðDhÞ3i
hðDhÞ2i3=2

ð2Þ

and kurtosis

Q � hðDhÞ4i
hðDhÞ2i2

� 3: ð3Þ

The former is a measure of the asymmetry of the distri-
bution, while the latter is a measure of the weight of its tails
when compared to a Gaussian.

In Fig. 2a we plot ±S for those models (+S for models
with k > 0 and �S for models with k < 0), obtained in
t = 4000. The values for the RSOS and the etching models
do not show a significant size dependence for 1� r� L

(simulations in L = 1024). Extrapolation to large r (1/r!
1) suggests jSj � 0.2. However, there is a large difference
between those models and BD, whose skewness has a
remarkable dependence on the window size. Such behavior
was also observed in steady state data for BD [20], thus this
discrepancy must not be viewed as a failure of universality,
Fig. 2. Skewness ±S (a) and kurtosis Q (b) of height distributions as a
function of inverse window size at t = 4000 for RSOS (diamonds), etching
(squares) and ballistic deposition (triangles). Minus sign of S only for the
RSOS model, whose data have been shifted horizontally by 0.001 for
clarity. Error bars are of the same size of the data points, except where
indicated.



Fig. 3. Normalized squared roughness distribution rwPw(w2) as a function
of (w2 � hw2i)/rw for window size r = 64 and t = 4000, for RSOS (line),
RSOS2 (circles), etching (squares) and ballistic deposition (triangles)
models.
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but an expected feature for a model with typically large
corrections to scaling.

In Fig. 2b, we show Q for those models as a function of
inverse window size. Fluctuations are larger, thus it is dif-
ficult to obtain a very accurate asymptotic estimate. Any-
way, it is clear from Fig. 2b that 0 < Q < 0.5 for these
KPZ systems, which may be eventually used to test the pos-
sibility of this universality class in other models or experi-
ments. The results obtained for other times (t = 1000 to
t = 6000) show the same trends of those in Fig. 2a and b.

Tsamouras and co-workers [10] obtained 0.2 6 S 6 0.5
for the height distributions of oligomer films, and
a � 0.45 from the scaling of local roughness. This exponent
is near the KPZ value, and the asymmetry of the height dis-
tribution was considered as further evidence of KPZ scal-
ing, since no theoretical value of S was known at that
time. We believe that the claim of KPZ scaling is reinforced
by our estimate of S, despite the large error bars and the
discrepancies in the values of S for different models. On
the other hand, the same uncertainties and discrepancies
show that height distributions may not be considered reli-
able evidence against KPZ scaling.

It is also interesting to compare the above results with
those for KPZ models in the steady states. There,
jSj = 0.26 ± 0.01 and Q = 0.134 ± 0.015 were obtained
[19,20]. Our estimates have much larger error bars as an ef-
fect of finite-time and finite-size corrections, which are
much stronger than in the steady states. Thus, we are not
able to decide whether there is some difference between
the height distributions in the growth regime and in the
steady state. Anyway, we recall that distributions in these
regimes are different in 1 + 1 dimensions [33], thus the pres-
ent analysis of the growth regime is essential for a compar-
ison with experimental data.
Fig. 4. Skewness (a) and kurtosis (b) of roughness distributions as a
function of inverse window size at t = 4000 for RSOS (diamonds), RSOS2
(circles), etching (squares) and ballistic deposition (triangles). Data for
RSOS2, etching and ballistic deposition have been shifted horizontally by
0.001, 0.002 and 0.003 respectively for clarity.
4. Roughness distributions

In Fig. 3 we show the scaled squared roughness distribu-
tions for the RSOS, RSOS2, etching and BD models, ob-
tained in window sizes r = 64 and t = 4000. Here, hw2i is

the average squared roughness and rw �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hw2

2i � hw2i2
q

is
the rms deviation. In this case, a good data collapse is ob-
served in the peaks and in the tails of the distributions.

This is confirmed by the values of the skewness and the
kurtosis of those distributions, which are shown if Fig. 4a
and b, respectively, as a function of inverse window size.
Although the size dependences of S and Q are not negligi-
ble, the convergence of the results for different KPZ models
as r!1 is suggested, which gives universal values of S

and Q. The trend of the data for all models suggest
1.7 6 S 6 2.0 and 3 6 Q 6 7.

The universal KPZ distribution in the growth regime is
slightly different from that in the steady state (for periodic
boundary conditions). This is illustrated in Fig. 5, where we
show the normalized distributions for the RSOS model and
the BD model in the growth regime, with r = 64 and differ-
ent times, and the distribution for the RSOS model in the
steady state, for lattice size L = 256. The plot of Fig. 5 is
also helpful to show that the dependence of the scaled
roughness distribution on time is very small. Although vi-
sual inspection shows deviations in the tails of the distribu-
tions of different regimes, the above values of the skewness
and kurtosis have large uncertainties and, consequently,
they are not able to exclude the steady state values
S = 1.70 ± 0.02 and Q = 5.4 ± 0.3 [26].

The small difference in the roughness distributions of
Fig. 5 is an absolutely unanticipated result. For other inter-



Fig. 5. Normalized squared roughness distributions for the RSOS model
in the steady state with lattice size L = 256 (solid curve), and for RSOS
and BD in the growth regime with r = 64 and different times (t = 4000 for
BD – triangles – and t = 6000 for RSOS – squares).

Fig. 6. The effective exponent c(x) as a function of 1/x2, where
x = (w2 � hw2i)/rw. Data are for t = 6000 and r = 64, full diamonds for
the RSOS and empty squares for the etching model.
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face models, such as the (exactly solvable) EW model in
1 + 1 dimensions [23], the normalized distributions are typ-
ically very different in different regimes (from t� Lz to
t� Lz). Moreover, they also show significant dependence
on the boundary conditions [24], which are different in
the data of Fig. 5 (WBC in this work, periodic conditions
for the steady state).

Another important feature of the KPZ roughness distri-
bution is the stretched exponential tail, as suggested by a
careful inspection of the log-linear plots of Figs. 3 and 5.
In order to find a reliable fit of this tail, it is reasonable
to assume that the scaling function decay has the general
form Pw(x) � exp(�Axc). Thus, at a given range of values
of the variable x � (w2 � hw2i)/rw, the estimate of the
exponent c is given by

cðxÞ ¼ ln½lnðWðxÞÞ= lnðWðx� DÞÞ�
ln½x=ðx� DÞ� ; ð4Þ

with constant D, where W(x) = rwPw(x). In Fig. 6 we show
the effective exponents obtained from the data of the RSOS
and the etching models in r = 64 as a function of 1/x2.
The trend for large x suggests 0.85 6 c 6 0.9.

In order to appreciate the relevance of this result, we re-
call that other systems which are represented by linear
growth equations have roughness distributions with simple
exponential decays [22,26], of the type exp(�Cx) (c = 1).
This also occurs in 1/f a-noise interfaces [24]. For the partic-
ular case of EW growth in 2 + 1 dimensions, a sharply
peaked roughness distribution is expected [22]. These are
examples of Gaussian interfaces. Moreover, a simple expo-
nential tail is also obtained in roughness distributions of
models in the class of the fourth order nonlinear growth
equation in 2 + 1 dimensions [26].

The comparison which these widely studied systems sug-
gests that the stretched exponential tail in the roughness
distribution may be a signature of KPZ scaling in 2 + 1
dimensions. It is also obtained in the steady state of KPZ
systems, as expected from universality grounds [26]. Thus,
if highly accurate experimental data eventually shows a
stretched exponential tail, it may be viewed as strong evi-
dence of KPZ scaling.

Unfortunately, current theoretical approaches could not
to provide a clear and consistent picture of the KPZ scaling
in 2 + 1 dimensions [38–40]. At some points, they lead to
contradictory results and show discrepancies with highly
accurate numerical data [19,20,25]. Consequently, we can-
not provide a reliable explanation for this stretched expo-
nential tail, but only to state that it is probably related to
the non-Gaussian behavior of these KPZ interfaces [20,26].

A final important point is that the KPZ roughness distri-
bution in the growth regime cannot be fitted by 1/f a-noise
distributions for any value of a, similarly to the steady state
distribution. The stretched exponential tail is a strong rea-
son to expect that such fit is impossible. However, this con-
clusion also follows from our high value for the skewness:
in 1/f a-noise distributions in 2 + 1 dimensions, the maxi-
mum possible value of the skewness is

ffiffiffi
2
p

[24], which is
far below the lower bound of our estimate, S = 1.7.
5. Conclusion

We studied height and roughness distributions of dis-
crete KPZ models in the growth regimes, i.e. in the regimes
where correlations along the substrate directions are devel-
oped but the correlation length is still much smaller than
the substrate size.

Even considering models with typically weak scaling cor-
rections, the height distributions of those models show
some deviations, thus we were not able to extract very accu-
rate universal values of amplitude ratios to characterize
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them: the absolute value of the skewness is in the range
[0.2,0.3] and the kurtosis is in the range [0,0.5]. The value
of the skewness agrees with that of oligomer films in Refs.
[9,10], which provides additional support to their claim of
KPZ scaling. However, the data for ballistic deposition
shows large deviations from these values, which suggests
that height distributions may be misleading for a test of
KPZ scaling.

On the other hand, roughness distributions of differ-
ent models show a good data collapse, and we estimate
their skewness 1.7 6 S 6 2.0 and kurtosis 3 6 Q 6 7. A
stretched exponential tail is found, which seems to be a par-
ticular feature of KPZ systems in 2 + 1 dimensions. We
conclude that roughness distributions are much superior
than height distributions for tests of KPZ scaling. We ex-
pect that these results can be useful for a reliable quantita-
tive comparison with available experimental data and that
they motivate further analysis of scaling properties of thin
films and/or multilayers surfaces.
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