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1.INTRODUCTION

Highly anisotropic organic and inorganic materials have been the object of intensive stud-
ies in the last decades. High Tc superconductivity, quantum Hall effect, charge and spin
density waves, disordered magnetic chains, plateau magnetization, solitons and many
other phenomena are examples of the physical richness presented by this large class of
compounds. It is not surprising that anisotropic materials became so attractive for solid
state physicists.

The 3d metal anhydrous borates, in which the boron ions have trigonal coordination
forming the orthoborate (BO3)

3− or pyroborate (B2O5)
4− anion groups, present high in-

ternal anisotropy revealed by the morphology of their crystals which appear as needles
or plaquettes. The anhydrous borates possessing the orthoborate group are called or-
thoborates and frequently oxy-borates since, in these compounds, there are one or two
oxygen ions per chemical formula not directly bound to the boron ions. The oxy-borates
present more than ten different crystallographic structures among which the warwickites
and ludwigites are the easiest to be synthesized. The borates possessing the pyroborate



groups are simply called pyroborates. They form a smaller class of compounds, also easy
to be synthesized, but having all the oxygen ions within the borate groups. The borates
for which the boron ions have tetrahedral coordination do not present any remarkable
anisotropy. We may claim therefore that the high anisotropy in the anhydrous borates
is a consequence of the boron trigonal coordination. It must be remarked that, since the
borate anions in the anhydrous borates are isolated, they do not form polymerized subsys-
tems as chains or planes. Chains or planes of anions groups appear in other borates as well
as in many silicates in which the (SiO4)

4− or (Si2O7)
6− tetrahedra form low-dimensional

subsystems [1]. The number of oxy-borates with different crystallographic structure and
chemical composition is very large so that the study of their physical properties is far
from being exhausted. We may mention, as an example, the physical properties of bi-
dimensional oxy-borates which have never been investigated. In this chapter we present
an overview of the main magnetic properties of warwickites and ludwigites as well as those
of two pyroborates. For the detailed properties of these compounds the reader will be
referred to the original papers. Only the borates whose magnetic properties were inves-
tigated are addressed. The theoretical aspects of some specific phenomena presented by
these borates will be discussed.

2.THE ANHYDROUS BORATES

There are three main groups of anhydrous borates: the warwickite group, the ludwigite
or pinakiolite group and the pyroborate group. The respective general chemical formulae
are: M3+M ′2+OBO3, M3+(M ′2+)2O2BO3 and M2+M ′2+B2O5 where M and M

′
represent

different metals. If M = M ′ the borate is said to be homo − metallic, otherwise it is
hetero −metallic. There are also smaller groups of orthoborates and mixed ortho-pyro-
borates which will not be considered here. In any anhydrous borate the metals M and
M ′ are found within an oxygen octahedra and every metal site of each structure may
be randomly occupied by M or M ′ with different probabilities. For this reason hetero-
metallic anhydrous borates are always disordered.

2.1 The Warwickites

Table 1 presents the symmetry space groups for the warwickites. All the hetero-metallic
warwickites belong to the same space group [6]. The schematic structure of the war-
wickites projected on the plane ab is shown in Fig. 1. We can observe, in this figure,
parallelograms which are orthogonal sections of substructures, similar to ribbons, indef-
initely extended along the c axis. Such ribbons are formed by oxygen octahedra packed
in the hexagonal form and sharing edges in such a way that three of their vertices lie on
each one of the larger faces of the ribbons. These octahedra give rise to four columns,
along the ribbons, and their centers define two types of equivalent crystallographic sites:
those on the border (sites 2) and those on the middle of the ribbons (sites 1). These sites



form a triangular lattice and are randomly occupied by M or M ′ as shown in Fig. 2.

Figure 1: The structure of the warwickites projected in the plane ab. The sides a and
b of the unitary cell and the crystallographic sites 1 and 2 are shown. The full circles
represent the boron ions [6].
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Figure 2: The internal structure of one ribbon. The full circles represent the metal ions.
The numbers stand for the crystallographic site correspondent to each column and the
d’s are the intermetallic distances [7].

2.2 The Ludwigites

The ludwigite or pinakiolite group includes several crystalline structures under the general
chemical formula given above. The more complex structures are stabilized by impurities.
Table 2 gives the space group and one correspondent typical chemical composition for
each structure belonging to this group. The schematic structure of the ludwigites Pbam
projected on the plane ab is shown in Fig. 3. The zig-zag walls, called F walls by Norrestam
and Bovin [15], have an hexagonal internal structure. However, the shortest distances
between metals are found within the three column wall, also called C wall, formed by



Compound space group ref.
MgScOBO3 Pnam [2]
Mn2OBO3 P21/n [3]
Fe2OBO3 Pmcn above 317K [4, 5]
Fe2OBO3 P21/c below 317K [4, 5]

Table 1: Space group of symmetry for the synthetic warwickites. The hetero-metallic
warwickites have all the same space group.

columns of the crystallographic sites 4-2-4. Within these walls the metal sites form a
three leg ladder rectangular lattice (see Fig. 4).
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Figure 3: The structure of the ludwigites Pbam projected on the ab plane. The sides
a and b of the unit cell and the numbers of the metal sites are shown. The full circles
represent the boron ions [8].

2.3 The Pyroborates

The two pyroborates whose magnetic properties have been studied are the homo-metallic
Mn2B2O5 [17] and the hetero-metallic MnMgB2O5 [17, 18, 19]. Both are electrically
insulating. In Fig. 5 it is shown the schematic structure of the pyroborates projected in
the plane bc. In this figure, the ribbons and the anion groups (B2O5)

4− appear clearly. It
is to be remarked that the ribbons do not ”touch” as in the warwickites.

3.MAGNETIC PROPERTIES

Wiedenmann et al. [20, 21] have probably been the first authors to point out the exis-
tence of quasi one-dimensional interactions in oxy-borates when studying the magnetic
properties of MgFeOBO3 and Mg2FeO2BO3. However, the experimental and theoreti-
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Figure 4: The internal structure of one C wall formed by three columns correspondent to
sites 4-2-4. Such structure is called a three leg ladder [16].

name chemical formula s.g. ref.
ludwigite(∗) Co3O2BO3 Pbam [8]
ludwigite(∗) Cu2FeO2BO3 P21/c [9]

hulsite Mg.64(Fe2+)1.46(Fe3+).67(Sn4+).20O2BO3 P2/m [10]
Pinakiolite Mg1.68(Mn2+).09Mn3+(Al, Fe, Mn).11BO5 C2/m [11]

Orthopinakiolite Mg1.42(Mn2+).43(Mn3+).88(Fe3+).22BO5 Pnnm [12]
Takeuchiite Mg1.59(Mn2+).42(Mn3+).78(Fe3+).19(Ti4+).01BO5 Pnnm [13]
Blatterite Mg1.33Mn1.44Fe.05Sb.17O2BO3 Pnnm [14]

Table 2: Space group of symmetry and chemical composition for synthetic (*) and mineral
compounds with general chemical formula M3+(M ′2+)2O2BO3.

cally supported existence of random magnetic chains in oxy-borates was firstly shown by
Fernandes et al. in the warwickite MgTiOBO3 [22]. These authors verified that the tem-
perature dependences of the susceptibility and magnetization in this oxy-borate are the
same as those in the one-dimensional organic compounds based on the TCNQ molecule,
as reported by Boulaevskii et al. [23]. In this way the warwickite MgTiOBO3 was the
first inorganic compound found to present random quantum magnetic chain type of be-
havior. Its electronic structure has been theoretically investigated by Matos et al. [24]
and by Marcucci et al. [25] and its low dimensionality has been confirmed. All the stud-
ied hetero-metallic borates, with boron in trigonal coordination, present similar magnetic
behavior.

The homo-metallic borates have not an uniform behavior. The pyroborate Mn2B2O5

exhibits the more interesting consequence of quasi one-dimensional magnetic interactions:
its magnetization curve presents several inflection points indicating a hierarchy of such
interactions [17]. In turn, the only known homo-metallic warwickites, Mn2OBO3 and
Fe2OBO3, do not present any evidence of low dimensional magnetic interactions [26].
Charge ordering and magnetism seems to be dissociated in the homo-metallic borates ex-
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Figure 5: The structure of the pyroborate projected in the plane bc. We notice the ribbons,
the borate groups and the sides b and c of the unit cell. The largest circles indicate oxygen
ions while the smallest ones indicate the boron ions [18].

ception, perhaps, in the iron ludwigite Fe3O2BO3 whose magnetic susceptibility presents
an anomaly in the temperature region where a structural phase transition occurs [16].
As will be seen below, the low temperature phase associated to this transition presents
charge density waves or, what is the same, structural anisotropy and long range charge
ordering.

3.1 Hetero-metallic Borates

The hetero-metallic borates are naturally disordered materials since each metal crystalline
site may be occupied by any one of the two metals which appear in the chemical for-
mula. Both these metals may be magnetic (3d metals) but in the majority of the studied
hetero-metallic borates only one metal is magnetic. This disorder generates a spectrum of
intensities for the exchange and super-exchange interactions between the magnetic ions.
In highly anisotropic borates such spectrum yields to disordered quantum magnetic chain
type of behavior. The magnetic properties of the hetero-metallic borates show clearly
the characteristic power law behavior associated with these random chains whatever is
the respective crystalline structure: warwickite, ludwigite or pyroborate. The magnetic
susceptibilities of the hetero-metallic warwickites and pyroborates depend very similarly
on the temperature. For sufficiently high temperatures these materials are paramagnetic
and obey the Curie-Weiss law with antiferromagnetic exchange interaction between near-
est neighbors. As temperature is lowered, a short range interaction appears within the
ribbon since kBT approaches the intra-ribbon exchange energy between magnetic ions.



In this temperature range the susceptibility is larger than that given by the Curie-Weiss
law and depends on the temperature as a power law. This is the temperature range for
which the magnetic behavior of the system is that of a random magnetic chain. Fur-
ther decreasing temperature there is eventually a spin glass transition at Tsg when the
interaction between ions in adjacent chains becomes larger than kBT . This transition
is essentially a tri-dimensional (3D) phenomenon involving the whole system. This is
the case in hetero-metallic warwickites and pyroborates. The spin glass nature of the
transition is evident from the frequency dependence of the cusp in the a.c. susceptibil-
ity curve at Tsg. Fig. 6 and Fig. 7 show the magnetic susceptibility of MgTiOBO3 [22]
and MgV OBO3 [27] respectively. The cusp at 6 K in the MgV OBO3 curve indicates a
spin-glass freezing. For MgTiOBO3 no transition has been found down to 300 mK [28].
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Figure 6: a.c. susceptibilities of the Mg1−xTi1+xOBO3 warwickites as a function of
temperature for x=0 and x=0.1. The inset shows the power law behavior [22].

Bulaevskii et al. [23] developed a theory to account for the magnetic susceptibility
χ and specific heat C temperature dependences of spin−1/2 random magnetic chains
present in compounds based on the TCNQ molecules. They also found an expression for
the applied field dependence of the magnetization m in the field region where kBT <<
gµBH << J . In this inequality J is the highest exchange interaction in the chain.
According to these authors:

χ ∝ T−α (1)

C ∝ T 1−α (2)

and
m ∝ H1−α (3)

where α is a weakly temperature dependent parameter. The above equations characterize
the thermodynamic behavior of random spin−1/2 magnetic chains. Later on in this
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Figure 7: a.c. susceptibility of powdered MgV OBO3 as a function of temperature for a
frequency of 125 Hz and an alternating field of 10 Oe. The cusp at Tsg = 6 K is associated
with a spin-glass transition. The inset on a logarithmic scale shows the power-law behavior
of the susceptibility for T > Tsg [27].

chapter we shall discuss in detail the physical nature of the power law dependence of these
thermodynamic quantities and the case of random magnetic chains with spins larger than
1/2. In Table 3 are listed the studied hetero-metallic warwickites and pyroborates with
respective relevant magnetic parameters.

In the iron ludwigites, if the divalent metal is magnetic, each metallic subsystem orders
at different temperatures allowing the coexistence of magnetic order and paramagnetism.
This is the case of Ni2FeO2BO3 [29] and Cu2FeO2BO3 [30]. The homo-metallic ludwigite
Fe3O2BO3 also present two different critical temperatures. This may be clearly seen in
the Mössbauer spectra shown in Fig. 8 [31]. This compound will be discussed in detail
below. In Table 4 are listed the iron ludwigites with the ordering temperatures of the iron

Compound Tsg(K) α ref.
MgT iOBO3 < 0.3 0.83 [22, 28]
MgV OBO3 6 0.54 [27]
MgCrOBO3 6.5 0.66 [7]
MgFeOBO3 11 0.54 [7]
ScNiOBO3 6 0.55 [7]
ScMnOBO3 2.7 0.50 [7]
MnMgB2O5 0.6 0.56 [19]

Table 3: Spin glass temperature, and the alpha parameter for hetero-metallic warwickites
and pyroborates.



Compound Tiron(K) Tdiv(K) ref.
Mg2FeO2BO3 10 −− [32]
Fe2FeO2BO3 112 70 [31]
Ni2FeO2BO3 106 46 [29]
Cu2FeO2BO3 60 40 [30]

Table 4: Ordering temperatures for the metallic subsystems in iron ludwigites. Tiron

stands for the iron subsystem and Tdiv. for the divalent metal subsystem

and of the divalent metal subsystems. These are Tiron and Tdiv, respectively.
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Figure 8: Mössbauer spectra of Fe3O2BO3 at selected temperatures above and below
Tiron [31].

The hetero-metallic pyroborate MnMgB2O5 behaves essentially as an hetero-metallic
warwickite. Its Tsg is however much lower (≈ 600 mK) [19] since, in this compound, the
ribbons do not touch.

3.2 Homo-metallic Borates

The homo-metallic borates, with different ions of the same metal, present electrical con-
ductivity and long-range charge ordering which is associated, in general, with a structural
transition. In this case the metal is necessarily a 3d metal so that such borates are
magnetic. In the case of identical ions, as in the pyroborate Mn2B2O5, the material



Compound Tstruc(K) Tmag(K) T
′
mag ref.

Mn2B2O5 −−− 23.3 −− [17]
Fe2OBO3 317 155 −− [5, 33]
Mn2OBO3 > 300 104, 26 −− [26, 34]
Fe3O2BO3 283 112 70 [16, 31]

Table 5: Structural transition and magnetic ordering temperatures for the homo-metallic
borates.

is electrically insulating and does not present any structural transition. The compound
Mn2B2O5 is an ordinary antiferromagnet with no net magnetization below its ordering
temperature since there is no ESR signal in the ordered phase [17]. It presents a magne-
tization curve, measured in single crystals, showing some inflection points which indicate
the intra-ribbons and inter-ribbons exchange values. Its magnetic ordering configuration
is not yet known. The two known homo-metallic warwickites have magnetic critical tem-
peratures much larger than the hetero-metallic spin glass critical temperatures. Their
magnetic order configurations are not very simple: L-type ferrimagnetism in Fe2OBO3

[5, 33] and a complex ordering pattern in Mn2OBO3 presenting considerable frustration
[34]. The last studied homo-metallic borate is the iron ludwigite Fe3O2BO3. Its magnetic
behavior is very intricate [31, 35] and its specific heat is rigorously linear between 70 K
and 200 K [36]. Its internal anisotropy becomes evident through its needle shaped single
crystals. There is a structural transition at 283 K and the low temperature phase presents
charge density waves along the crystal c axis which is the needles axis. It must be re-
marked that the crystals of the pyroborate Mn2B2O5 and of the ludwigite Fe3O2BO3 are
clearly needle shaped attaining easily more than 2 mm in length. For the homo-metallic
warwickites their crystals are so small that it is impossible to determine clearly their mor-
phology with the only aid of an optical microscope. This is compatible with the absence
of low-dimensional features in their properties. Table 5 shows some magnetic parameters
of the homo-metallic borates.

4.CHARGE ORDERING AND STRUCTURAL TRANSITION

As pointed out before, the homo-metallic oxy-borates have two different ions of the same
metal. An ordered configuration of such ions, simultaneous to a structural phase tran-
sition, appears in these compounds as the temperature is lowered below a characteristic
temperature Tc. The ordered charge configuration is different in each compound so that
different mechanisms were considered responsible for the respective ordering processes.

The structure of the warwickite Mn2OBO3 can be considered to be a distorted mod-
ification of the orthorhombic warwickite structure. Following Norrestam et al. [3], the
distortions, apparently caused by Jahn-Teller effects induced by the Mn3+ ions, remove
the mirror symmetry of the parent undistorted warwickite. As a consequence, its space
group is the monoclinic P21/n. The bond distances and calculated bond valence sums



indicate that, in the charge ordered state, the trivalent manganese ions are located in the
two inner columns of the ribbons so that the divalent ones are in the two outer columns
[3]. The probable Tc is not known for this compound since X-ray diffraction measurements
have not been performed above room temperature.

Attfield et al. [4, 5] observed that the homo-metallic warwickite Fe2OBO3 presents a
charge ordered phase below Tc = 317 K in which the divalent and trivalent iron ions are
equally distributed over the structurally distinct iron sites 1 and 2 sown in Fig. 1. Above
Tc the structure is orthorhombic with space group Pmcn and below this temperature
the space group is the monoclinic P21/c. These authors suggest that, in this case, the
ordering mechanism is the electrostatic repulsion.

The homo-metallic ludwigite Fe3O2BO3, as the warwickites, also presents a structural
phase transition. In this case Tc = 283 K [16]. The high temperature space group is the
orthorhombic Pbam (no 55) and below Tc the space group is the orthorhombic Pbnm
(no 62). As the temperature goes below Tc, the only important change in the structure
appears within the three leg ladders in the C walls (see section 2.2). The columns of sites
2 are zig-zag distorted, as seen in Fig. 9, so that the c edge of the unit cell is doubled
relatively to the high temperature phase. Mössbauer Spectroscopy indicates that, below
room temperature, the ions Fe2+ in sites 2 share electrons with ions Fe3+ in sites 4 so
that Fe2.5+ ions appear [37, 38]. Latgé and Continentino [39] proposed that this sharing
is performed between site 2 and the nearest site 4a so that a transverse charge density
wave arises along the c axis. These authors have shown that, if the ladder is viewed as a
background of localized Fe3+ ions where the extra electrons of the Fe2+ ions are itinerant
in a tight-binding band with infinite local repulsion, the distortion of the ladder lowers
the total electronic energy. The magnetic character of the ions involved in the charge
density wave has led Whangbo et al. [40] to suggest a magnetic mechanism as the cause
of the structural instability of Fe3O2BO3.
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Figure 9: The three leg ladder which constitutes the C wall at T < Tc [16].



5.RANDOM MAGNETIC CHAINS

The results on the magnetic properties of the oxy-borates presented in the previous sec-
tions provide a strong motivation to investigate theoretically these materials. The actual
low dimensional structures which are relevant for the understanding of the magnetic be-
havior of the oxy-borates are ladders. In the case of the warwickites, four leg ladders in
the ribbons (see Fig. 2) and for the ludwigites, three leg ladders (see Fig. 4). The Hamil-
tonian we will consider is the Heisenberg model describing local moments with spin−S
on the sites of a ladder interacting mostly through super-exchange interactions. This is
appropriate since the d − d overlap is not very significant in these materials although
alternative approaches have been proposed [25, 40]. For the purpose of describing the
magnetic properties of the oxy-borates, a localized Heisenberg model is adequate. Since
in the hetero-metallic materials the occupation of these sites is random, this gives rise
to a distribution of magnetic couplings. The properties of random Heisenberg ladders
have been the subject of intense studies in the last years [41, 42, 43]. Mostly of these
investigations have concentrated in the case of the spin−1/2, two leg ladder (2LL) and
the spin−1/2 zig-zag ladder (ZZL) [42, 43]. The latter is topologically equivalent to single
chains with nearest and next-nearest neighbors interactions. However, both ladders map
into a random single chain problem, either with half-integer or integer spins. Additionally,
the 2LL and zig-zag ladders lead to effective low energy models with only nearest neigh-
bor interactions [42]. We may expect these results to hold for ladders with an arbitrarily
finite number of legs for sufficiently low temperatures or energy scales. Consequently, the
study of quantum random chains is essential for understanding the magnetic properties
of low dimensional oxy-borates. Notice that for the pure case with no disorder, spin−1/2
ladders with an even number of legs map into the spin−1 chain problem while those with
an odd number of legs map into the spin−1/2 case [41].
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Figure 10: Susceptibility as a function of temperature comparing the power law behavior
with a temperature independent exponent (α = 0.7) and the random singlet phase result.

The nature of the low energy phases found in random Heisenberg chains and conse-



quently in ladders are mainly of four types,

• A random singlet phase which is typical of random Heisenberg antiferromagnetic
spin−1/2 chains. This phase is associated with an infinite randomness fixed point
and low temperature thermodynamic properties characterized by power law behav-
ior with exponents which depend weakly on temperature. The magnetic suscep-
tibility χ(T ) ∝ T−α, the specific heat C/T ∝ T 1−α and the magnetization m as
a function of the external magnetic field H varies as, m(H) ∝ H1−α. These ex-
pressions with a temperature dependent exponent α(T ) are useful representations
of the actual temperature dependence of these quantities in the random singlet
phase. For the magnetic susceptibility this is, χ ∝ 1/(T ln2 T ) and the free energy
F ∝ T 2/(ln2 T ).

• A Griffiths phase which is also characterized by power law behavior of the thermody-
namic quantities, as in the previous case. It is distinguished from the random singlet
phase by the fact that the relevant exponents depend on the distance δ to an infinite
randomness quantum critical point, i.e., to the amount of disorder in the system.
The susceptibility in the Griffiths phase is given by, χ(T ) ∝ T 1/Zκ(δ)−1, where Z is the
dynamic exponent. The specific heat in this phase is given by, C(T )/T ∝ T−1+1/Zκ(δ)

and for small magnetic fields H, the magnetization, m ∝ H1/Zκ(δ). The dynamic
exponent Z assumes the values Z = ∞ at the infinite randomness fixed point, i.e.,
at the random singlet phase (δ = 0) and Z = 1 at the border of the Griffiths phase
(|δ| = δG). The dynamic exponent is obtained from the first gap distributions [44]
that saturate at low energies in the form, P (− log ∆) ∼ ∆1/Z for ∆ → 0.

• A large spin (LS) phase characteristic of random magnetic chains with both fer-
romagnetic and antiferromagnetic interactions [45]. For weak disorder this phase
shows universal behavior with a Curie like divergence of the magnetic susceptibility,
χ(T ) ∝ 1/T and a specific heat that vanishes as, C ∝ T 1/Z | ln T | with a constant
dynamic exponent Z ≈ 0.44. For strong randomness Z starts to vary with dis-
order but the magnetic susceptibility is still Curie-like. This phase is relevant for
the antiferromagnetic zig-zag ladders which for strong and random next nearest
neighbors interactions eventually map into a single chain problem with ferro and
antiferromagnetic couplings. In the case of the oxy-borates the interactions are
antiferromagnetic. There is in these materials, at high temperatures, a linear tem-
perature dependent susceptibility but always with a finite negative paramagnetic
Curie temperature, such that, this behavior can not be attributed to a LS phase.

• There is also for weak disorder a random dimer, Haldane-like gapped phase with
vanishing susceptibility or still regions of the phase diagram where the dynamic
exponent Z is constant [42].

It should also be noticed that experimentally it is not an easy matter to distinguish
between the random singlet phase from the Griffiths phase. In Figure 10 we show a
schematic plot of the magnetic susceptibility to illustrate this point. On the other hand the
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Figure 12: The MDH elimination procedures. Ω is the largest interaction in the chain.
The strongest coupled pair of spins, 2 and 3 is eliminated giving rise to an effective
interaction J ′ between spins 1 and 4.

LS phase is clearly characterized by the Curie-like behavior of the magnetic susceptibility.
Having established that the low temperature phases of random magnetic ladders are
similar in nature to those of random single chains we present below a study of the phase
diagrams of the latter.

The random exchange Heisenberg antiferromagnetic chain (REHAC) plays a funda-
mental and paradigmatic role in the study of disordered quantum systems. Their study
was initially motivated by experimental results in disordered organic chain materials which
presented peculiar behavior [23]. Essentially, a magnetic susceptibility which diverges, at
low temperatures, as a power law of temperature with an exponent α < 1. The initial
theoretical approaches to this problem associated this behavior with a distribution of
exchange couplings with similar power law dependence, P (J) ∝ J−α. A breakthrough
from the theoretical side was the introduction by Ma, Dasgupta and Hu (MDH) [46] of a
perturbative renormalization group method to treat the random Heisenberg chain. The
REHAC system is defined by the following Hamiltonian for a chain of L spins:

H =
L−1∑

i=1

Ji
~Si.~Si+1, (4)

where ~Si are spin−1/2 operators and Ji are positive random nearest neighbor interactions,
taken from a distribution P (Ji) with a cut-off Ω (see Fig. 11).

The MDH method consists in identifying the pair of spins with the strongest coupling
in the random chain and eliminating it by considering the interaction with the neighboring
spins of this pair as a perturbation. This procedure generates new couplings J ′ between



the two spins neighboring the eliminated pair, as shown in Fig. 12, and consequently the
form of the distribution P (J) is modified. One also gains a contribution to the free energy
of the system from the eliminated pair. This process is then successively applied until a
single pair of spins remains. The new effective coupling is given by,

J ′ =
1

2

J1J2

Ω
. (5)

Along the RG procedure, independent of the initial distribution P (J), the system flows to
an infinite randomness fixed point characterized by the fixed point form of the probability
distribution of interactions given by

P (J) =
α

Ω

(
Ω

J

)1−α

(6)

At zero temperature, the exponent α is a function of the cut-off Ω of the distribution and
varies as,

α =
−1

ln Ω
(7)

This behavior characterizes the so-called random singlet phase [47]. The number of re-
maining active spins NR as a function of the energy scale set by the cut-off Ω introduces
a new exponent ψ which is defined by,

L =
N

NR

=
1

nΓ

=
1

| ln Ω|1/ψ
(8)

where N is the number of spins in the original chain. This establishes the connection
between the characteristic length L and the energy scale Ω. This is an extension of the
usual definition of a dynamic exponent (Ω ∝ τ−1 ∝ Lz) for the case of logarithmic scaling.
For the random singlet phase the exponent ψ takes the value, ψ = 1/2. These results
are well established for the spin−1/2 REHAC. The convergence of the MDH perturbative
procedure for the exact result is guaranteed by the fact that in Eq. 5 the pre-factor (1/2)
assures that the new effective interaction J ′ is always smaller than those eliminated.

In order to generalize the MDH method to spin−1 chains, we consider the general
bilinear, biquadratic, spin-1 chain [48] with L spins described by the Hamiltonian

H =
L−1∑

r=1

Jr
~Sr.~Sr+1 −

L−1∑

r=1

Dr

(
~Sr.~Sr+1

)2
(9)

where Jr and Dr are random nearest-neighbor interactions with probability distributions
PJ(Jr) and PD(Dr) respectively and such that 0 ≤ Jr ≤ J and 0 ≤ Dr ≤ D. The ~Sr are
spin-1 operators and we are interested in the limit L →∞.

For the case of purely biquadratic interactions and no exchange we assume a distribu-
tion of random biquadratic couplings and take Jr = 0. Generalizing the procedure of Ma
et al. [46] for this problem, we identify the pair of spins with the strongest biquadratic
coupling. When we apply the elimination transformation to this strong coupled pair we



find an effective coupling between the spins neighboring the eliminated pair which is is
given by [48] :

D′ =
2

9

D1D2

D
(10)

where D1 and D2 are the bonds connecting the strongest coupled pair of spins, with
interaction strength D, to their neighbors. It is clear that in this case the successive
application of the elimination transformation generates weaker and weaker couplings and
the distribution of biquadratic interactions becomes peaked close to the origin as the cutoff
D decreases. The physical properties of the system are then dominated by low energy
excitations and this new phase is very similar to the random singlet phase of the disordered
spin−1/2 random antiferromagnetic chain [47]. Disorder has a dramatic effect in this case
since in the pure case the system has a dimerized phase with a gap for excitations and
a short correlation length. The introduction of weak randomness on the biquadratic
couplings gives rise to a new disordered phase with low energy excitations and long-range
magnetic correlations. This behavior is universal in the sense that, independently of the
initial distribution of couplings PD(Dr), the final distribution converges to a fixed point
form which is approximately described by a power law with a singularity at the origin
[46]. Notice that the equation above renormalizes to weak coupling faster than that for
the spin−1/2 REHAC where the pre-factor of the recursion relation equivalent to Eq. 10
is 1/2 [46]. We have found here a rather unusual situation where a phase with a gap and a
short correlation length has become completely unstable and furthermore with long-range
magnetic correlations due to the introduction of arbitrarily weak disorder [49].

We include now a weak random exchange interaction between nearest neighbor spins
such that the cutoff J << D. A generalization of the elimination transformation gives, for
the new exchange and biquadratic couplings between the spins neighboring the eliminated
pair, the following coupled relations [48]

D′ =
2

9

D1D2

D + J
(11)

J ′ =
4

3

J1J2

(3D + J)

where as before D1, D2, J1 and J2 are the bonds connecting the strongly coupled pair of
spins, with interactions D and J between them, to their neighbors. Since D >> J we
expect, as before, that the renormalized distributions converge rapidly to a weak coupling
situation, i.e., to develop more and more weight close to the origin as the cutoff decreases.
Again the system attains a random singlet phase dominated by low energy excitations.

In the situation where Dr = 0, i.e., for the random exchange spin-1 chain, the elim-
ination procedure yields the following relation for the new coupling between the spins
neighboring the eliminated pair [48],

J ′ =
4

3

J1J2

J
(12)

We find here a situation quite different from the previous case, since this recursion relation
appears to iterate to strong coupling due to the factor (4/3) > 1. The generation of
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Figure 13: The two elimination procedures as described in the text (J1 > J2).

couplings which are larger than those eliminated would in fact invalidate the present
approach based on perturbation theory. This problem is common to all spins larger than
1/2. The MDH elimination transformation has been extended for a quantum Heisenberg
chain with arbitrary spin S and the following recursion relation has been obtained [48],

J ′ =
2

3
S(S + 1)

J1J2

J
(13)

This result shows that perturbation theory in general fails for S > 1/2, so that, a uni-
versal random singlet phase in the Heisenberg chain with random exchange interactions
is guaranteed only for spin−1/2 [50, 51, 52]. In this case the quantum fluctuations are
sufficiently strong and the renormalization group equations yield a flow to a fixed point,
universal distribution, singular at the origin. The above result led to an intense activity
to overcome this type of difficulty and to obtain results for quantum random chains of
arbitrary spin S. We discuss now the results for spin−1 chains [44, 53, 54].

Our generalization of the MDH method consists in either of the following procedures
shown in Fig. 13 [44]. If the largest neighboring interaction to Ω is J1 < (3/4)Ω we elim-
inate the strongest coupled pair, see Fig. 13a, obtaining an effective interaction between
the neighbors to this pair which is given by Eq. 12. This effective interaction is always
smaller than those eliminated.

Now suppose J1 > (3/4)Ω (J1 > J2). In this case, we consider the trio of spins S = 1
coupled by the two strongest interactions of the trio, J1 and Ω and solve it exactly (see
Fig. 13b). The ground state of this trio of spins S = 1 is a degenerate triplet and it
will be substituted by an effective spin−1 interacting with its neighbors through new
renormalized interactions obtained by degenerate perturbation theory. This procedure
which implies diagonalizing the 27X27 matrix of the trio is carried out analytically. This
is important for obtaining results on large chains and to deal with the large numbers of
initial configurations that have been used. These procedures guarantee that we always
comply with the criterion of validity of perturbation theory and never an interaction larger
than those eliminated is generated, as shown in Fig. 14, differently from the MDH scheme.

We consider initial rectangular distributions of antiferromagnetic interactions, P (J) =
[1/(1 − G)]Θ(1 − J)Θ(J − G). The gap G is a measure of the amount of disorder being
inversely related to it (see Fig. 11). The strong disorder case has G = 0 and corresponds
to the quantum critical point of the phase diagram of Figure 15. At this point G = 0
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Figure 15: The phase diagram of the spin−1 random Heisenberg antiferromagnetic chain.
Disorder is inversely related to the gap G of the initial rectangular distribution and GG ≈
0.45 [44].

the system flows to an infinite randomness fixed point or random singlet phase [44]. This
becomes clear when we obtain the fixed point form of the probability distribution of
interactions for G = 0, which turns out to be given by Eq. 6. The exponent α as a
function of the cut-off Ω is shown in Fig. 16 and varies as in Eq. 7. This behavior
characterizes the strong disorder case, G = 0, as a random singlet phase [47].

Further evidence for a random singlet phase at G = 0 is obtained considering the
fraction of remaining active spins ρ as a function of the energy scale set by the cut-off Ω
[47]. In Fig. 17 the density ρ = 1/L is shown as a function of the cut-off [44]. From this
expression the exponent ψ appearing in Eq. 8 is extracted. As expected it takes the value
ψ = 1/2 characteristic of the random singlet phase [47].

Finally, the distribution of first gaps [55, 56, 57, 58] at G = 0 is calculated. This is
obtained starting from a given configuration of random interactions for a chain of size L
and eliminating the spins, as described above, until a single pair remains. The interaction
between these remaining spins yields the first gap ∆ for excitation. Implementing this
procedure for a large number of initial random configurations for chains of different sizes
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L yields the distributions PL(log ∆) shown in Fig. 18. We considered over 104 initial
configurations to obtain the gap distributions. The widths of these distributions increase
without limit as the sizes L of the chains increase, as expected for an infinite randomness
fixed point.

According to the scaling form relating energy and length, Eq. 8, it is expected that
the distribution P (− log ∆/Lψ) will present a universal behavior, independent of the size
L of the chains when plotted versus the variable − log ∆/Lψ. This is indeed the case for
G = 0 as shown in Fig. 18 for the random singlet phase exponent ψ = 1/2.

We now decrease disorder increasing the gap in the exchange distribution. Figure 19
shows the first gap distributions for different degrees of disorder as characterized by the
gaps G in the initial distribution of interactions. In all cases investigated with G 6= 0, it is
found that the first gap distributions saturate at low energies in a form described by the
expression, P (log ∆) ∼ ∆1/Z for ∆ → 0. The dynamic exponent Z becomes independent
of L for L sufficiently large. Large chains have to be considered in order to observe this
effect. We find Z∞ ∼ 10.87, Z∞ ∼ 1.01 and Z∞ ∼ 0.68 for G = 0.1, G = 0.45 and
G = 0.5, respectively. From these values of the dynamic exponent it is possible to deduce
the existence of a Griffiths phase extending up to GG ≈ 0.45 where the dynamic exponent
reaches the value Z = 1 [44] (see Fig. 15). For values of the gap G > GG, i.e., small
disorder, the dynamic exponent Z < 1. The distribution of first gap for excitations, from
which low temperature thermodynamic properties can be deduced, implies that Z > 1 is
required to obtain a singular behavior for these quantities with decreasing temperature.
Consequently at GG there is a significant change in the nature of the thermodynamic
behavior of the system. The phase for G > GG is a disordered Haldane phase with a
pseudo-gap in the excitation spectrum (see Fig. 15).

We now consider spin−3/2 chains [59]. For these chains, after elimination of the
strongest coupled pair, the MDH method yields for the new coupling between their neigh-
bors,
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J ′ =
5

2

J1J2

Ω
(14)

Consider the case J1 ≥ J2. For J1 > (2/5)Ω the new effective interaction J ′ is necessarily
larger than one of those eliminated, in this case, than J2. In order to deal with this prob-
lem, the MDH method has again to be generalized. If the largest neighboring interaction
to Ω, J1 < (2/5)Ω, then we eliminate the strongest coupled pair obtaining an effective
interaction between the neighbors to this pair which is given by Eq. 14 (see Fig. 13a). This
new effective interaction is always smaller than those eliminated. Now suppose J1 > J2

and J1 > (2/5)Ω. In this case, we consider the trio of spins S = 3/2 coupled by the two
strongest interactions of the trio, J1 and Ω and solve it exactly (see Fig. 13b). The ground
state of this trio of spins S = 3/2 is a degenerate quadruplet. It will be substituted by an
effective spin−3/2 interacting with its neighbors through new renormalized interactions
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Figure 19: Probability distributions of the first gap obtained from initial rectangular
distributions of couplings with a gap G and different systems sizes L [44]. For clarity not all
values of L are shown. The solid lines represent best fits to the form log10[P (− log10 ∆)] =
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obtained by degenerate perturbation theory acting on the ground state of the trio. The
64X64 matrix associated with the trio is diagonalized analytically. This allows to obtain
results on large chains and to deal with a large numbers of initial configurations. Fig. 20
shows that perturbation theory is now always satisfied. We have considered initial rect-
angular distributions of interactions with a gap G (see Fig. 11). Even for weak disorder,
with a gap as large as G = 0.5 in the starting distribution, the method works very well
and never an interaction larger than those eliminated is generated.

Figure 21 shows the first gap distributions for different degrees of disorder as character-
ized by different gaps G in the initial distribution of interactions. For all cases these distri-
butions saturate at low energies in a form described by the expression, P (− log ∆) ∼ ∆1/Z

for ∆ → 0. The dynamic exponent Z becomes independent of L for L sufficiently large.
Again, large chains have to be considered to observe this effect. The phase diagram is
such that, for strong disorder which corresponds to G = 0, there is a Griffiths phase with
a dynamic exponent Z ∼ 12.7 (see Fig. 21). This phase is characterized by first gap
distributions [44] that saturate at low energies in the form, P (− log ∆) ∼ ∆1/Z for ∆ → 0.
We find Z∞ ∼ 0.43 and Z∞ ∼ 1.12 for G = 0.2 and G = 0.12, respectively, from which
the existence of a Griffiths phase extending up to Gc ≈ 0.11 is deduced. At this point
the dynamic exponent reaches the value Z = 1. Since, for example, the susceptibility
χ ∝ T 1−Z , a singular low temperature behavior implies Z > 1. At Gc there is in fact a
significant change in the nature of the thermodynamic behavior of the system [60]. The
phase for G > Gc is one with quasi-long range order, i.e., with spin correlations decaying
algebraically with distance, similar to the zero temperature phase of the pure chain [60].

In order to check the possibility of a random singlet phase in the spin−3/2 chain
we consider another class of distributions of exchange couplings associated with extreme
disorder. These distributions are of the form, P (J) ∝ J−1+1/γ. For γ = 1 this reduces
to the gapless case of rectangular distributions considered previously and for γ > 1, we
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malized exchange distribution as a function of the scale dependent cut-off. b) Fraction
of active spins as a function of the cut-off [59]. For comparison the results for the spin-1
and spin-3/2 REHACs are shown. In both cases the starting distribution is extremely
disordered with γ = 20 (see text).

have the extreme disordered cases. We now report our results for the random spin-3/2
chain obtained with the modified renormalization group procedure [44] for the case of an
extremely disordered distribution with γ = 20 [59]. In the random singlet phase the fixed
point distribution of interactions attained when the cut-off Ω is sufficiently reduced takes
the form given by Eq. 6. Fig. 22a shows the exponents α of this equation obtained from
the asymptotic form of the exchange distributions after the cut-off Ω has been sufficiently
reduced. For comparison, the results for a spin−1 REHAC with the same original extreme
disorder distribution are shown. In this case a random singlet phase is clearly established.
Chains of size as large as L = 4.5 × 105 have been considered in these calculations.
Fig. 22b shows the density ρ = 1/L of active spins as a function of the cut-off Ω (see
Eq. 8). From this expression the exponent ψ (see Eq. 8) has been extracted. It takes the
value ψ = 1/(2.4) which is close to the value ψ = 1/2 expected for a random singlet phase
[47]. As shown in this figure, for comparison, the spin-1 chain has clearly converged to
this phase within the same scale of the cut-offs. These results suggest that in this case
of extreme disorder, the spin−3/2 REHAC eventually reaches a random singlet phase,
although the convergence is very slow.

The MDH elimination procedure can be generalized for finite temperatures and arbi-
trary spins S. It is given by [59]

J ′ =
2

3
S(S + 1)

J1J2

Ω
WS(βΩ) (15)

where

WS(y) =
(2S+ 1)2 −∑i=2S

i=0 (2i+ 1)e−
1
2
i(i+1)y

[
1+1

2
i(i +1)

]

4S(S + 1)
∑i=2S

i=0 (2i + 1)e−
1
2
i(i+1)y

(16)
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Notice that for sufficiently high temperatures, the factor 2
3
S(S + 1)WS(βΩ) < 1 and

the MDH elimination procedure works in this case [49, 61, 62, 63, 64]. A random singlet
phase is reached in the sense that the asymptotic distribution of exchange attains the form
given by Eq. 6 at these temperatures. However, as T is reduced the problem becomes
essentially non-perturbative for spins S ≥ 1, as the equation above generates coupling
larger than those eliminated. In particular at T = 0 the excited states which reduce the
factor WS from its value WS(T = 0) = 1 are now frozen. In fact none of the excited
states play a role in the problem at zero temperature. Notice that in the generalized
renormalization scheme, degenerate perturbation theory is applied to the ground state of
the spin trio. This is possibly the main reason for the discrepancy between the results
above and those obtained by the authors of Refs. [61, 64]. These authors find that quantum
chains of arbitrary spin−S present random singlet phases even for weak disorder. The
consideration of excited states in the problem favors the appearance of an infinite disorder
random singlet phase, as occurs at finite temperatures.

In the limit S → ∞ and T → 0, replacing the sum by an integral and with a proper
renormalization of the Hamiltonian, Eqs. 15 and 16 yield J ′ = J1J2/4kBT , in agreement
with the result of Ref. [46] for classical spins. In Fig. 23 it is shown the temperature T ∗

below which the simple perturbative approach breaks down, for a given value of the spin
of the random chain.

Notice that for rectangular distributions, the Griffiths phase of the spin-1 REHAC
extends up to Gc = 0.45 and for spin-3/2 up to Gc = 0.11. For random classical spin
chains, the susceptibility χ ∝ P (0)| ln T | where P (0) is the finite weight at the origin of
the original distribution P (J) [46]. This weak logarithmic singularity is similar to that
expected for quantum chains at the border of the Griffiths phase (Z ≈ 1) as if in this case



of classical spins and rectangular distribution, Gc = 0.
Then for rectangular distributions, the spin-3/2 REHAC presents a Griffiths phase

up to a critical value of disorder. For extreme disorder, where the starting exchange
distributions are singular for small values of the coupling our results only suggest that
a random singlet phase will be asymptotically reached as the cut-off of the distribution
Ω → 0. These results are consistent with those of Refs. [60] that find a random singlet
phase in spin-3/2 chains for the case of extremely disordered distributions.

It is clear by now that the power law temperature dependent behavior observed in
the magnetic susceptibility and other thermodynamic properties of the low dimensional
oxy-borates can be traced to the mapping of their low dimensional magnetic structures
to a random chain problem. The details of this mapping have yet to be explored. The
oxy-borates were the first class of inorganic materials where this kind of low dimensional
magnetic behavior has been found. They provide a strong motivation to make further
theoretical progress in this problem and of other quantum systems with disorder [65].
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Tholence, J.L. Siqueira, J.B.M. da Cunha, and C.A. dos Santos, Eur. Phys. J. 9
(1999) 613.
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[57] F. Iglói, Phys. Rev. B 65 (2002) 064416.
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